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The effect of a resonant acoustic field on laminar internal flow 
was investigated analytically and experimentally. The analytical study 
was concerned with two-dimensional compressible flow between infinite 
parallel plates. Sanders (3), in a recent experimental investigation, 
showed that the density variation of a gas (air) in a resonant acoustic 
field is essentially the same as that which is predicted by first order 
acoustics. Therefore, the influence of sound was introduced into the 
governing equations by: (i) assuming that the density variation of a gas 
is the same as that predicted by first order acoustics and (ii) assuming 
that the compression-rarefaction process is isentropic. 
The governing equations were obtained by: (i) assuming that the 
properties of the fluid may be expressed as the sum of a time-mean com-
ponent and a time-dependent component (this is the same technique which 
is used in the treatment of turbulent flow and was proposed for periodic 
laminar flow by Lin (2)); (ii) assuming the orders of magnitude for the 
characteristic values of the properties; and, (iii) performing an order 
of magnitude analysis of the dimension!ess form of the continuity and 
momentum equations for two-dimensional flow and the time average of these 
equations. This technique reduced the governing equations to a set of 
four linear, partial differential equations; two governing the time-depend-
ent velocity components and two governinq the time-mean velocity components., 
The time-dependent velocity components, the time-mean velocity components, 
and the stream function were obtained for a first approximation utilizing 
these equations. 
Vlll 
The theoretical analysis predicted the presence of standing vortices 
in the channel both with and without through flow. The vortices were one-
quarter wavelength long and the thickness of the larger vortices (the 
ratio of the width of a large vortex to the half width of the channel) was 
p 
shown to be s o l e l y a function of the parameter M/M , where M i s the Mach 
number based on the average through-flow v e l o c i t y and M i s the Mach number 
based on the maximum amplitude of the x-component of the t ime-dependent 
v e l o c i t y . 
The experimental investigation was concerned with circular tube flow 
since it was found that channel flow (in conjunction with a resonant acous-
tic field) could not be satisfactorily approximated by a rectangular duct. 
This study utilized tooacco smoke as a tracer in atmospheric air and an 
axial beam of light to visualize the flow field in a circular tube. With 
this system the existence of standing vortices was verified and the thick-
ness of the larger vortices was shown to be solely (at least to the accu-
racy of the measurements that were made) a function of the parameter M/M . 
Finally, the experimental heat transfer data of Jackson (l) and 
Eastwood (2) were qualitatively explained in the region of flow where the 
average through-flow velocity was less than the maximum amplitude of the 
time-dependent x-component of velocity. In addition, the threshold level 
data of Eastwood (the sound level below which sound no longer affects the 
local heat transfer rate in a horizontal isothermal tube) were correlated 
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CHAPTER I 
INTRODUCTION AND HISTORICAL BACKGROUND 
Statement of Intent 
The intent of this investigation is to conduct an analytical and 
an experimental study of the effect of a resonant acoustic field upon the 
laminar flow of a compressible fluid. The results of these studies are 
then to be used to qualitatively explain the local variations in heat 
transfer rates which have been experimentally determined by Jackson, 
et al., (1, 2). 
Acoustic Fields 
Although a knowledge of the properties of an acoustic field is not 
necessary to follow the analysis to be presented in Chapter II, it is felt 
that a summary of the salient characteristics of acoustic fields will be 
helpful in understanding the significance of the assumptions which will 
stem from first order acoustics. The model which will be used to illus-
trate these characteristics is shown in Figure 1. It consists of an ideal, 
/s/s/s/s/sssss/s/?/-rTT7?////.*>>///?/s/ss////ss;s//sjsssj;rT77 
>/ss//s;ssssssss;ss/sss/ss/;/?;/s/s;//s///s/;s///s/ssssssss7 
Figure 1, Plane Wave Channel. 
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inviscid gas between Infinite, parallel plates which are separated by a 
distance 2a. This model will be used again in Chapter II; however, the 
ideal gas will then be assumed to be a Newtonian fluid. 
It can be shown that a small pressure or velocity disturbance 
travels with the isentropic speed of sound. For an ideal gas this is 
:2 = ^ l s = k RT = k p/p . (1.1) 
Two such waves are shown in Figure 1; one wave is shown traveling to the 
left, a leftward wave, and the other is shown traveling to the right, a 
rightward wave. These plane waves which travel in the x-direction are 
governed by the one-dimensional wave equation. (The wave equation Is 
derived in detail In Appendix A.) The velocity wave equation is 
a 2 a2 
3 u 3 un 
- J = Co —2 • (1'2) 
3t 9x^ 
Similar equations may also be written for density and pressure waves. 
They all express the behavior of the deviation of velocity, density and 
pressure from their undisturbed or time-mean values. That is, the true 
velocity, density and pressure are expressed as the sum of a time-mean 
and a time-dependent component as follows: 
u(x,t) = u(x) + u (x,t) (1.3a) 
p(x,t) = p(x) + px(x,t) (1.3b) 
p(x,t) = p(x) + p2(x,t) (1.3c) 
where the bar superscript denotes the time-mean and the subscript "1 
3 
denotes the deviation of the property from its mean value. In the illus-
trations to be given here the fluic. is assumed to be "stagnant," u(x) - 0, 
and therefore the time-mean density and pressure will be constant and equal 
to p and p , respectively. By their definition, acoustic waves are such 
that un « c , pn « p and pn « p and finally, the speed of sound in 1 o r1 ro 1 ro 
o 
the wave equation is based on p and p and therefore c = k p /p . M ro o o 'o ro 
The general solution to the velocity wave equation is of the form 
u^x.t) = Fx(x - CQ t) + F2(x + C Q t) (1.4) 
wh ere F and F are arbitrary functions of their arguments. F (x -c t] 
represents a rightward wave and F (x +c t) represents a leftward wave. 
To illustrate the properties of acoustic waves, two examples will now be 
given. 
Example 1. The first example will consist of plane velocity waves 
which are being generated by a diaphragm at plane A-A that is oscillating 
with a simple harmonic motion such that the velocity, u , at x = 0, is 
u (0,t) = - U cos (ut) (1.5) 
The solution of the wave equation for this case is 
For 0 <̂  x 
F.(x - c t ) = REAL [- U exp ( - i — (x - c t ) ] ] ( l . 6 a ) 
1 o 7 o c c o } 
F (x + c t ) = 0 (1.6b) 
or 
k 
un(x,t) = - U [cos (cox/c ) cos (cot) + sin (ux/c ) sin (cot)] (l.6c) 1 o o o 
and for 0 _̂ x 
F (x - c t) = 0 




u,(x,t) = - U [cos (CJX/C ) cos (cot) - sin (ux/c ) sin (cot)] (l.7c) 
1 ' o o o 
It should be noted that the leftward waves have been omitted in the region 
for which x is greater than zero and that the rightward waves have been 
omitted in the other half of the channel0 These omissions assume that 
there are no reflected waves in the infinite channel. The velocity wave 
pattern is shown graphically in Figure 2. The wavelength, X, of the 






\ E (1.8) 
Exam^le__2. The second example will consist of both leftward and 
rightward velocity waves of the same strength throughout the entire channel 
and such that 
un (0,t) = - U cos cot 1 ' o (1.5) 
< u t = 0 
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Figure 2. Velocity Wave Pattern for Example 1. 
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The solution for this case is 
U 
Fn (x - c t) = REAL [- -~ exp f- i ~ (x •- c t)l] (1.9; 1 o 2 e c o J 
o 
F0(x + c t) = REAL [- ~~ exp [- i — (x + c t)l] (l.9b) 2 o 2 L c o J 
or finally 
u,(x,t) = - U cos (ux/c ) cos (ut) (l.9c) 
1 ' O ' 0 
The pressure distribution may now be determined from the reduced 
momentum equation (equation A.26) as follows: 
9p, 9u 
3x "o 8t ^o v ~o ' "**' "o 
1 1 
- = - p " ~ - - p^ U) U^ cos (CJX/C^) sin (ut) 
or after integrating with respect to x 
pn(x.t) = - p c U sin (ux/c ) sin (ut) (1.10) 
r 1 ' K o o o o 
The density may be determined from the reduced continuity equation 
(equation A.28) as follows; 
9 p , 9 u p u U 
Kl _ __l _ "o o 
9t ro 9x c o 
.__—. - _ _______ g^n (ux/c ) cos (U-M 
0 
or after integrating with respect to t 
p.. (x.t) = - p M sin (ux/c ) sin (ut) (1.11) 
r r "o o o 
where M E U /c . (1.12) 
0 O 0 
7 
The velocity, density and pressure represented in dimensionless 
form are 
u '(x',t') E u / U Q = - cos (TIX!) cos (KV ) (1.13) 
p1
t(x',t') = Pl/p = - M Q sin (TCX') sin (nt
f) (l.H) 
p1'(x
,,t') E p1/pQ = - M sin (TUX1) sin (nt*) (1.15) 
where x' = 2x/\ and t 1 E ut/rc . ( l . l 6 ) 
It can be seen from equations 1.13, 1.1-4 and 1.15 that the deviation in 
the property values will be small (the wave will be an acoustic wave) if 
the Mach number, M , is small. The pressure distribution in a resonant 
o 
channel is shown in Figure 3 for various dimensionless positions and times 
It should be noted from this figure that the pressure has its maximum de-
viation from the mean pressure at the positions labeled "L". These posi-
tions are referred to as pressure loops whereas the positions where the 
pressure deviation is zero are referred to as pressure nodes and are 
labeled "N" in Figure 3. 
A logical question which should be asked at this point is, how well 
do these equations from one-dimensional acoustics predict the properties 
of a real gas? This question has been answered In part by Sanders (3) who 
has these concluding remarks: 
Because of the fluctuating brightness of the arc lamp, the output 
of the photomultiplier-shlieren constructed for acoustic measurement 
varied erratically, and in order to obtain accurate measurements, 
the vibrating knife edge was introduced to permit the continuous 
determination of the sensitivity. The average sensitivity was 7 
amps/gm/ciTK? and it was possible to detect (in air) AC density dif-
ferences with amplitudes as small as 10~y gm/cm^. This means that a 
fractional density difference of I.O"̂  can be measured with a 1% pre-
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diffraction taking place at the defining aperture, so that details of 
the density distribution smaller than 0.03 cm cannot be resolved. 
The photomultiplier-schlieren was first employed to investigate the 
acoustic field within a rectangular resonant tube. The density dif-
ference profiles were determined for a series of resonances with fre-
quencies between 3/+8 and 5080 cps and with intensities from 84 to 144 
decibels. In all cases, the experimental results were in excellent 
agreement with the one dimensional standing wave predicted by first 
order acoustics. 
Therefore, the density deviations have been shown experimentally to 
be essentially the same as those predicted by equation 1.1$. Although the 
velocity of sound for a small disturbance is very accurately predicted by 
assuming that the compression-rarefaction process is isentropic and Sanders 
has shown that the deviations in pressure are also accurately predicted by 
equation 1.14, equation 1.13 Is not a sufficient representation of the 
velocity fluctuations since a viscous gas must satisfy the no-slip bound-
ary condition. 
In view of Sanders' studies, it will be assumed that the pressure 
and density distributions in a viscous, ideal gas are adequately repre-
sented by equations 1.14 and 1.15, respectively. The velocity distribu-
tion for such a gas will be determined in Chapter II. 
Historical Background 
Two very excellent reviews of the literature pertinent to the work 
being presented here have been given by Sanders (3) and Fand (4) and, 
therefore, it would be superfluous to give a complete review here. Sanders' 
review is primarily concerned with the phenomena that occur in a resonant 
column of air (a Kundt's tube) while Fand's review Is devoted to the sec-
ondary flows that are generated when a resonant acoustic field interacts 
with a solid boundary. Since these reviews exit, only the literature 
directly associated with the present study will be given. 
10 
In 1883 Lord Rayleigh (5) presented the first analytical explana-
tion of the steady circulations that were experimentally observed when a 
fluid was subjected to vibratory motion. His opening remarks are very in-
teresting and they will be quoted here to emphasize the insufficiency of 
first-order acoustic theory when one is attempting to explain real fluid 
effects. 
Experimenters in Acoustics have discovered more than one set of 
phenomena apparently depending for their explanation upon the exist-
ence of regular currents of air resulting from vibratory motion, of 
which theory has as yet rendered no account. This is not, perhaps^ 
a matter for surprise, when we consider that such currents, involving 
as they do circulation of the fluid, could not arise in the absence 
of friction, however great the extent of vibration. And even when we 
are prepared to include in our investigations the influence of fric-
tion, by which the motion of fluid in the neighbourhood of solid 
bodies may be greatly modified, we have no chance of reaching an ex-
planation, if, as usual, we limit ourselves to the supposition of 
infinitely small motion and neglect the squares and higher powers of 
the mathematical symbols by which it is expressed. 
Thus, in Rayliegh's opinion, the steady circulations can only be predicted 
analytically when the fluid motion is assumed to be governed by the vis-
cous equations of motion (Navier-Stokes equations). 
The third problem in his paper, related to the circulations ob-
served by Dvorak (6) in Kundt1s tubes, was a special case of the problem 
that will be presented in Chapter II. He investigated the case for which 
there was no through flow in the direction of the sound waves. The problem 
to be presented here will consider through flow and, therefore, Rayleigh's 
problem will be a special case—that of no through flow. 
Rayleigh's initial premise, that the compression-rarefaction process 
is isothermal, was not defended by him„ The isothermal process requires a 
low frequency vibratory motion and this introduces non-linear terms in the 
equation of motion that he did not consider. Rayleigh's solution was 
11 
corrected on this point when Westervelt (7), in 1953, resolved the problem 
with the assumption that the process is isentropic rather than isothermal. 
Both Rayleigh and Westervelt predicted that the mean motion of the 
fluid, as shown in Figure 4> is from the velocity loops to the velocity 
nodes along the wall and vice-versa near the plane of symmetry. 





— I — 
NODE 
Figure 4-. Rayleigh's Circulation Patterns. 
The first experimental verification of Rayleigh's solution was ac-
complished by Andrade (8) in 1931. Andrade was interested in studying the 
flow patterns in a resonant tube by introducing foreign particle tracers. 
He analytically investigated the behavior of spherical particles in the 
presence of a vibrating viscous medium by using Koenig's (9) expression 
for the ratio of the maximum velocities, or of the maximum amplitudes of 
motion, of a spherical particle in vibrating air. This analysis showed 
that tobacco smoke particles in air follow the vibratory air motion to 
within 0.12 per cent for a frequency of 2000 cps and to within 0.042 per 
cent for a frequency of 1200 cps. Thus for frequencies less than approxi-
mately 2000 cps tobacco smoke will serve as an excellent tracer. 
Andrade obtained some very good photographic data of the streamlines 
in a resonant tube by using a mixture of tobacco smoke and air. The agree-
ment with the patterns predicted by Rayleigh was excellent when one con-
siders that Rayleigh's solution was for channel flow. 
12 
Figure 5, a reproduction from Andrade's paper, compares the results 
of his photographic streamline patterns, shown on the right-hand side of 
the figure, with those from Rayleigh's modified solution, shown on the 
left-hand side. The stream numbers are not intended to be the same. It 
should also be noted that Andrade verified the direction of rotation pre-
dicted by Rayleigh. 
Wall of tube 
Figure 5. Comparison of Andrade's and Rayleigh's Streamline Patterns. 
Resonant ducts reached engineering significance in the early 19$0!s 
when increasing demands for higher jet afterburner performance increased 
the occurrence and intensity of screeching combustion. The Lewis Laboratory 
Staff (10) has given an excellent summary of preliminary investigations 
into the characteristics of combustion screech in ducted burners. They 
concluded that screech in jet afterburners, a resonance phenomena which 
usually results in rapid destruction of the combustor shell and other 
combustor parts shortly after its onset, is linked to the transverse mode 
of acoustic resonance while the screaming effects in rocket engines have 
generally been correlated with the closed-closed pipe organ or the longi-
tudinal mode of oscillation, 
With this stimulus Jackson, Harrison and Boteler (ll) conducted an 
experimental study of the effect of the longitudinal mode of resonant 
13 
acoustic vibrations on combined forced and free convection in a vertical, 
isothermal tube during 195-4 and 1955. A more comprehensive program to 
study the effects of resonant acoustic fields on viscous fluid flow and 
convective heat transfer was initiated by Jackson in 1958. This study 
was primarily concerned with resonant longitudinal sound waves in a hori-
zontal isothermal tube. The following effects on convective heat transfer 
were obtained by Jackson, e_t a_l. (l) and Eastwood (2). 
1. For Reynolds numbers less than 33,000 the local heat transfer 
coefficient varied periodically with axial position in the tube as shown 
in Figure 6. The period of this variation was one half the wavelength of 
the impressed sound field. Local increases and decreases of up to 300 
per cent occurred in the heat transfer coefficient with the maximum values 
of the local coefficient occurring at the velocity loops and the minimum 
values occurring at the velocity nodes,, Sound threshold values, sound 
pressure levels below which no noticeable change in the heat transfer 
characteristics occurs, were found to increase with increasing Reynolds 
numbers. Only slight increases (30 per cent) were obtained in the overall 
heat transfer coefficient. 
2. For Reynolds numbers greater than 4-0,000 a radical change in the 
local characteristics took place. The resonant sound field no longer in-
creased the local coefficients as shown in Figure 7. The local coeffi-
cients still vary periodically in the axial direction; they still have the 
same period; but the position of the maximum value of the local coefficient 
has shifted to the velocity node and the minimum value has shifted to the 
velocity loop. This shift was accompanied by a radical lowering of the 
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Figure 7. Local Nusselt Numbers Versus x/L for Various Sound-Pressure 
Levels_, Reynolds Number ~ 49,600. 
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Figure 8. C r i t i c a l Sound-Pressure Level Versus Reynolds Number. 
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coefficient was reduced in all cases for Reynolds numbers greater than 
40,000 and less than 100,000. 
It should be pointed out that the tube from which the above results 
were obtained had a 3.86 inch inside diameter, had a ten foot length and 
it had a bellmouth entrance so that the flow was neither hydrodynamically 
nor thermally developed. It can be concluded from the foregoing remarks 
that Jackson has uncovered two distinctly different phenomena; one asso-
ciated with laminar flow and the other with turbulent flow. 
Purpose and Scope 
The purpose of this dissertation is to analytically predict the 
velocity field that is produced when resonant longitudinal sound waves are 
impressed upon laminar channel flow. The results of the analytical study 
will be qualitatively checked by a visualization study of resonant tube 
flow. The results of these studies will then be used to qualitatively 
explain the variations in the local heat transfer coefficients that were 




Mathematical Statement of the Problem 
The mathematical model of the problem as shown in Figure 9 con-
sists of "fully" developed laminar flow between infinite parallel plates 
which are separated by a distance 2a„ The fluid is assumed to be a 
viscous, ideal gas. Superimposed upon this flow is a resonant acoustic 
7ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ 
V////////////7777/////////////////////ZZ2. 
x = 0 
Figure 9. Model of the Flow System. 
field (with a pressure node at x = 0 ) . The flow is assumed to be inde-
pendent of the z-direction but dependent upon time. For this model, the 
equations which govern the fluid motion are: 
Continuity 





r 3 u 9u Qu-i v 9 p /_ _, 
P [at + u to + v to] = x " to (2-2-
+ to t ^ 2 to - f (to + S^] + fe k © + to } ] 
and 
r 9 v , 8v 9 v n ., 9jo /_ „N 
P [aT + u to + v 3 ^ ] = Y " a ; (2-3) 
+ § [(i {2 g - I (gjj + g)J] t A [(i ^g + fiyj] 
Reduction of the Governing Equations 
Assumptions 
In order to reduce the governing equations, the following assump-
tions are made: 
(Al) It is assumed that the pressure may be written as the sum of 
a time-mean component p(x,y) and a periodic component p (x,y,t). It is 
further assumed that p (x,y,t) is directly related to the resonant 
acoustic field and is, therefore, periodic in both time t and position x. 
Thus 
p(x,y,t) ~ p(x,y) + pL(x,y,t) {2.A) 
(A2) The density is also assumed to consist of a time-mean com-
ponent p(x,y) and a periodic component p (x,y,t), such that 
p(x,y,t) = p(x,y) + p1(x,y,t) (2.5) 
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For the flows to be considered, the spatial variations in density are 
assumed to have only a small effect upon the flow and, therefore, the time-
mean density, p(x,y), is considered to be constant and equal to p . 
(A3) The viscosity of the fluid is assumed to be constant and 
equal to U . M o 
(A4-) Following Lin (12), it is assumed that the x-velocity compo-
nent, u(x,y,t), and the y-velocity component, v(x,y,t), may be separated 
into time-mean and time-periodic components as follows: 
u(x,y,t) = u(x,y) + u (x,y,t) (2.6) 
and 
v(x,y,t) = v(x,y) + Vl(x,y,t) (2.7) 
In these equations the bar represents the time-mean and the subscript 
"1" refers to the periodic component. 
(A5) The body forces are assumed to be negligible, i.e., 
X = Y = 0. 
(A6) In order to perform an order of magnitude analysis it is 
necessary to introduce dimensionless forms of each of the properties in 
the governing equations. In addition, it is necessary to assume an order 
of magnitude for various quantities. A discussion of the dimensionless 
properties denoted by prime superscripts and the orders of magnitude listed 
below is given in Appendix B. 
Dimensionless Variables. 
x = \/2 xT (2.8a) 
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y - & a c y ' ( 2 . 8 b ) 
t = i t /u t ' ( 2 . 8 c ) 
u = U u ' ( 2 . 8 d ) 
u. = U u ' ( 2 . 8 e ) 
1 o 1 
v = V v ' ( 2 . 8 f ) 
O r d e r s of Magn i tude . 
> d d d - , , - , 
^ x " a y " 3 t "
u , u l >v , v 
where 
v x = VQ V l - ( 2 . 
p - Po p ' ( 2 . 8 h ) 
p = p c U p . ' ( 2 . 8 i ) 
K l r o o o ' 1 
P - P 0 P
( ( 2 . 8 j ) 
h = poMoPl- (2.8k) 
H = ^ ' (2.81) 
l / i p S P ^ P ' ^ V ) = 1 (2.8m) 
'2 6 / \ , U / c , U/U ) = 5 (2.8n' 
ac' ' o' o ' ' o' 
b E ^ 2 v /cj ( 2 . 9 ) 
ac o' 
Method of Reduction 
Under the foregoing assumptions the reduced governing equations can 
be obtained as follows: 
Step 1. The time-dependent continuity equation is obtained by re-
taining only the terms in the dimensionless continuity equation (Appendix B, 
22 
equation B.15)> which are of the order of magnitude of one. This results 
in the following dimensional equation 
3p 8u 8v 
TT + P fa + A ] = ° (2.10) 
8t ro <• ox ay ) ' 
Step 2. The time-mean continuity equation is obtained by taking 
the time average over one period of the dimensionless continuity equation, 
This results in the following dimensional equation: 
8u , 8v _ 1 r 8 ,- x 8 / — x-j ( N 
+ _ _ —• - - a y - l - r p j j (2.11) 
8x 8y p ^9x ^ 1 1 3y 4 1 •> ; r o 
Step 3. The time-dependent momentum equations are obtained by re-
taining only the terms in the dimensionless momentum equations(Appendix 
B, equations B.21 and B.22), which are of the order of magnitude of l/&. 
This results in the following dimensional equations: 
2 
8u 8p 8 u 
L +• — ~~- = v — t (2.12) 8t p 8x o a 2 ^0 8y 
and 
8y (2.13) 
Step k* Elimination of the pressure terms in the dimensionless 
momentum equations is accomplished by 
2 2 
( \ 4.- 4-u + 9 p' 8 p' , 
[a) notinq that r- ,£ \ = s—rf—r and 
y 8x'8y' 8y'3x1 
(b) performing the following mathematical operations: 
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X_ 3 
2 b oy 
ac ] 
T^-J [Equation B.2l] - ~ 7 [Equation B.22J (2.14.) 
Step 5. The time-mean momentum equation is obtained by first taking 
the time average over one period of equation 2.14 and then by retaining 
only the terms which are of the order of magnitude of l/b. This results 
in the following dimensional equation: 
»3-
o u 0 A 3 3y 
_9_ 
9y 
au. au. au. 
. 1 at r o 1 3x 1 3y (2.15) 
Solution of the Governing Equations 
Method of Solution 
Time-Dependent Solution. The equations to be solved for the time-
dependent velocities u (x,y,t) and v^(x^yft) and the corresponding boundary ] 
conditions are 
Continuity 
a p i , f
a u i 9v. 
at o &9x 3y 




> — — 
o » 2 
3y 
3u 
"at" p 3x (2.12; 
Boundary Conditions 





0 , v. (2.16b) 
The conditions at y = 0 correspond to the no-slip and solid-boundary 
conditions and the conditions at y = a correspond to the symmetry condition. 
Equation 2.12 is a linear partial differential equation. The fol-
lowing is an outline of a method which may be used to solve this equation. 
Step 1. Since the imposed resonant acoustic field has a circular 
frequency of u, it is desirable to express the time-dependent components 
of density and pressure in the form of a Fourier series as follows: 
00 
p1(x,y,t) = REAL V PlnU,y) exp(-inut) (2.17) 
n=l 
and 




Step 2. The time-dependent components of velocity will also be 
expressed in the form of Fourier series as follows: 
u (x,y,t) = REAL 





^ vln(x,y) exp(-inut)! (2.20) 
n=l 
Step 3. The foregoing expressions for density, pressure, and 
velocity are substituted into the time-dependent continuity and momentum 
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equations (equations 2.10, 2.12 and 2.13), and the factors of exp(-inut), 
for n = 1,2,3,*••, are then equated to zero. This results in the following 
set of linear partial differential equations; 
Factors of exp(-iut) 
9u 9vn. 
11 + U = iii ( 2 - 2 l ) 
6y po •'ll 
1 9pll 














3x + 3y " p Pl2 (2'23) 
2 
v ~ = ~i2uuio + ~ ~ ^ (2.24-a) 




The solution to the above set of equations requires that the time-
dependent components of density and pressure be known. The details of a 
26 
solution for a particular form of p. and p are given in the section 
entitled "A Solution of the Time-Dependent Equations." 
Time-Mean Solution. The equations to be solved for the time-mean 
velocities u.(x,y) and v(x,y) and the corresponding boundary conditions are 
Continuity 
du . 9v 
3x 9y - — fa"~ ( p i
u i ) + a - ( p n v i ) ] D L d x r 1 1 ov K 1 1 -> ( 2 . 1 1 ) 
Momentum 




upi Tt + P 0
( , J I "a7 + v 
9u 
i "a7 2 . 1 5 ) 
Boundary Conditions 
y = a : 
0 : u 
5~ 
ay 
0 , v = 0 




for all x : p u dy = Constant 
y=C 
(2.25c) 
The first two conditions are no-slip and symmetry, respectively. 
The third condition requires a steady through flow in the x-direction and 
forms the basic difference between this study and the previous studies of 
Rayleigh (5) and Westervelt (7) which considered the special case of no 
through flow. 
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The foregoing equations may be solved by direct integration. The 
details of the solution are given in the section entitled "A Solution of 
the Time-Mean Equations." 
A Solution of the Time-Dependent Equations 
Additional Assumptions. In addition to the six assumptions given 
previously, the following assumptions are made: 
(A7) The time-dependent component of pressure, p (x,y,t), is 
assumed to be the same as the periodic component of pressure in a sta-
tionary inviscid fluid which is undergoing resonant acoustic vibrations 
(see equation 1.14., Chapter I), Thus p (x,y,t) is given by 
P1(x,t) = REAL [-i p c U sin (ux/c ) exp(-iut)] (2.26) 
This expression for p was chosen not only because of its simplicity, 
3p1 6p 
but because the order of magnitude analysis showed that — — « — — . This 
3y 8x 
implies that the pressure outside the "A.C." boundary layer is impressed 
upon this layer and is essentially unchanged with respect to the y-direc-
tion. Sanders (3) has shown experimentally, that the density variations 
and thus the pressure variations in a viscous gas undergoing resonant 
acoustic vibrations were the same as those in an inviscid gas. 
(A8) In order to eliminate pT(x,y,t) from the foregoing equations 
it is now necessary to assume a relationship between the density and the 
pressure of the fluid. The time-mean density-pressure variation will be 
omitted from this analysis and, therefore, only the relationship between 
the density and the pressure during the compressions and rarefactions of 
the fluid will be considered. In addition to the assumption that the fluid 
is an ideal gas, it is also assumed that the compression-rarefaction process 
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is isentropic, i.e. 
p = p/RT , c = constant (2.27) 
-k —k 
pp ~ constant = p p (2.28) 
(A9) The time-dependent components of velocity are assumed to be 
sufficiently represented by 
Ul(x,y,t) = REAL [un(x,y) exp(-iCJt)] (2.29) 
v1(x,y,t) = REAL [vn(x,y) exp(-iut)] (2.30) 
(AlO) Finally, the complex coefficient of the x-component of 
velocity, u (x,y), is assumed to be of the form 
un(x,y) = X1(x)-Y1(y) . (2.31) 
In this context X (x) and Y (y) represent complex functions of x and y. 
Evaluation of pn and p, , Assumptions A7 and A8 will now be used rln ^ln ^ 
to evaluate p, and p, for n - 1,2,3.•••• 
rln Kln * * y 
If 
p (x,t) = REAL [- i p c U sin (ux/c ) exp(-iut)] (2.26) 
then 
P u = - i pQ C Q U Q sin (UX/CQ) (2.32a) 
Pln = 0 for n = 3,3,4,•«• (2.32b) 
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If the time-mean variations in pressure are neglected, i.e. 
p(x,y) = p , then the isentropic relationship between density and pres-
sure yields 




(i + P ^ X I + p1/p0)"
k = i 
-k 
If (l + p-,/p ) is expanded in a binomial series and only the 
terms which are of the order of magnitude of 5 or larger are retained, 
then the following expression is obtained: 
pi - k r p i • 
r0 
The sound wave propagation speed, Cj for isentropic compressions 
and rarefactions in an ideal gas is given by 
c2 = k £ 
P 
and, therefore, 
Pt(x,t) *, C Q
2
 Pl(x,t) (2.33) 
and 
p,(x,t) = p./c 2 = REAL [- i p M sin (ux/c ) exp(-iut)] (2.34) r 1 ' rl o ro o o 
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and finally 
P u = - i P0
M
0 sin (ux/cQ) (2.35a) 
Pln = 0 for n = 2,3, A,"'- (2.35b) 
Solution for u (x,y,t). Under the foregoing assumptions equatioi 
2.22 becomes 
!! 
v X -Y. = - iy X.-Y, - iw U cos (ux/c ) (2.36) 
o i l 1 1 o o 
The prime notation in equation 2.36 represents differentiation with 
respect to the appropriate independent variable. This equation may be 
further simplified by first dividing by v X.(x) and then by rearrange-
ment. This yields 
Y " + i f Y = - i f U Q cos (ux/c )/X1 . (2.37) 
0 O 
Equation 2.37 produces a paradoxical situation unless 
Y^' + i f- Yl = E = ex + i e2 (2.38a) 
o 
and 
-• i M- U cos (ux/c )/xn = E (2.38b) 
V 0 0 1 
0 
where E = e + i eQ is a complex constant which must be determined. 
Solving equation 2.38b for X,(x) results in 
X,(x) = - i f U cos (ux/c ) . (2„39) 
i t v o o 
o 
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Equation 2.38a can now be solved for Y,(y) as follows: 
1. Complementary solution for Y,(y). The total differential equa-
tion to be solved is 
Y1 + i f- Yx = G . (2.40) 
o 
The corresponding auxiliary equation is 
m 2 + i 7̂ - = 0 (2.4-1. 
o 
and the roots of equation £.41, as determined from complex variable theory, 
are 
ix = v
/u/2vo (1 - i) , (2.42a) 
and 
m 2 = - V / U / 2 V Q (1 - i) . (2.42b) 
The complementary function, therefore, is 
Y1
C(y) = A exp [(l - i) y'] + B exp [- (l - i) y»] (2.43) 
where 
A = a + i a9 , 
B = b. + i b , 
and 
/2v 
y. = y/j -f - y/5ac 
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2o Particular solution for Y,(y)c A particular solution of equa-
tion 2<,3<3a is 
Y1
P(y) i •—- E 
u (2.44) 
The general solution for Y,(y) is equal to the sum of the comple-
mentary and particular solutions, i.e. 
Y^y) = A exp [(l - i) y!J + B exp [- (1 - i) y!] (2.45 
- l 
An expression for u .(x,y) is finally obtained by substituting the 
solutions for X,(x) and Y,(x) into equations 2o31o This gives 
ui n (x,y) = - U cos (CJX/C ) 
11 . o o 





or if by definition 
• _y_ A 
v E 
o 





b ' + i b ' 
then 
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un(x,y) = - UQ cos (UX/CQ) (2.4-6) 
[1 + A' exp [(1 - i) y'j + B' exp [- (1 - i) y']} . 
The combination of equations 2.29 and 2.46 gives the following ex-
pression for the time-dependent velocity u,(x,y,t): 
u (x,y,t) = - U cos (ux/c ) [cos (ut) (2.47) 
+ a ' exp (y') cos (ut + y') 
+ a' exp (/') sin (cot + y') 
+ b ! exp (-y1 ) cos (ut - y' ) 
+ b ' exp (-y[) sin (ut - y')] 
If the no-slip and symmetry boundary conditions are applied to 
equation 2.47, then the following expressions for a,1, a ', b ' and b ' 
can be obtained by solving the resulting system of four linear algebraic 
equations: 
a ' = - (2 + 2 exp(2a/b ) [2 cos'E(a/& ) - l]]/DEN , (2.48a) 
i ^ a c ac * 
a2» = - [4 s i n ( a / 6 a c ) cps (a /& a c ) exp.(2a/&ac)}/DEN , (2.48b) 
b ^ = - 1 - a y , (2.48c) 
and 
b 2 ' = - a 2 ' , (2.48d) 
where 
DEN E 2 + 4[2 cos2(a/& ) - l ] exp(2a /6 ) + 2exp(4a/& ) . (2.48e 
ac ac ac 
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ac 
For air at normal temperatures anc pressures and for the frequencies 
and channel thicknesses which are being considered here, the quantity a/6 
is very much larger than one. Thus an excellent approximation, to the 
foregoing coefficients which will greatly simplify the time-mean solution 
is obtained by assuming that terms which are of the order of magnitude of 
exp(-a/& ) are zero. This yields the following approximate expressions 
ac 
for the four coefficients: 
= b, (2.49a) 
and 
b ' = - 1 (2o49b) 
Therefore, the periodic component of the x-velocity is 
u1(x,y,t) U cos ux/c 
0 0 
[cos (ut) - exp(-y') cos (ut - y')] 
(2.50) 
Solution for v n(x,y) u The coefficient, v (x,y), can now be 
determined from equation 2,21 as follows: 





Pii/Po " ax (2.51) 
If the approximate coefficients given in equations 2,49a and 2»49b 
are substituted into equation 2.46, then the following equation for 
u ,(x,y) is obtained: 
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un(x,y) = - LQ cos (wx/cQ) 1 - exp [ - (1 - i) y
!] (2.52) 
This in conjunction with equation 2.35a gives 
9V11 
— — = u M sin (ux/c ) exp [- (l - i) y'] (2.53) 
Integration of equation 2.53 with respect to y yields 
v n U ,y) = - 1/2 u 6 a r K (1 + i ) s in (ux/c ) exp [ - ( l - i ) y
! ] (2054) 
ac o 
+ fx(x) + i f (x) , 
or finally by substituting equation 2.54 into equation 2.30 the expression 
for v (x,y,t) becomes 
v1(x,y,t) = f (x) cos (ut) + fp(x) sin (ut) 
- (y 5 M /2) exp (-y!) sin (ux/c 
(2.55) 
ac o 
[cos (y') - sin (y')} cos (w"t) 
+ [cos (y!) + sin (y!)} sin (ut, 
If the no-slip boundary condition is applied to equation 2.55 then 
the following expressions for f,(x) and f0(x) are obtained: 
fx(x) = f2(x) = (u b Mo/2) sin (ux/cQ) , 2.56) 
and, therefore, 
v, (x,y,t) = (u 6 M /^2) sin (ux/c ) 
1 ac o o 
2.57) 
[cos (ut - TC/4) - exp (-y1) cos (ut - ̂ A - y')] 
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Dimensionless Form of the Time-Dependent Velocities, For resonant 
acoustic vibrations the circular frequency u is related to the wavelength 
such that 
u = 2t C A , (2.58) 
and therefore 
u x / c = 2-K x / x - i cx ' , 
and 
u 5 M = 2^ 6 U A = TI 6 U 
ac o ac o o 
If these expressions are substituted into equations 2,50 and 2„57 
then the time-dependent velocities in dimensionless form become 
u^'USySt') - -cos dtx') [cos dtt') (2.59) 
- exp (-y1) cos (it1 - y1)] , 
and 
v^xSy 1,!') = (TI//2) sin Gix<)[cos ^t' - Jk) (2.60) 
- exp (-y') cos (̂ t1 - TEA - y')] , 
where 
u • = u./u 
1 1 o 
and 
v ' = Vr/(U5) 
1 i o 
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It is interesting to note that the choice of the characteristic 
time-dependent velocities U and U 6 produces dimensionless velocities r o o 
u, ' (x' ,y !, t' ) and v, ' (x1,1/1,!1 ) which are of the order one. Thus the 
previous choice of U as the characteristic time-dependent x-velocity was 
correct and the characteristic y-velocity, V , should be U 6 0 
A Solution of the Time-Mean Equations 
The time-mean velocities u(x,y) and v(x,y) will now be determined 




du 1 ra , 
(p1u[ 5x p L5x Qy 
( p l v l 2.61) 
Momentum 
3 u i a rPi
 d ui ou 9u. 
+ u. + V-
~ 3 v 9y Lp St 1 9x 1 9y 
(2o62) 
Boundary Conditions 
y = 0 : u — 0 , v 
y = a : T~ = 0 , v ' - 0 
(2.25a; 
(2.25t>; 
all x : J 
y=0 
p u dy = constant 
•o 
(2,25c 
Solution for u(x,y). Substitution of equations 2<,34-> 2»$0 and 2»57 
into equation 2.62 yields 
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» 3 ay 
sin (2ux/c ) 2.63) 
2 c 6 ' 
o ac 
—jexp (-y1) [3 cos (y') - sin (y1) - exp (-2y')] 




5 = f(x)-g(y) 
for which the s o l u t i o n i s 
Y Y 2 y l 
u(x ,y ) - f(x) J J g(yQ) dy o d Y l dy 2 + F : (x ) ^ " + F2(x) y + F3(x) , 
0 0 0 
where 
f(x) -
2 c 6 
o ac 
~ s in (2ux/c 2 o 
and 
g(y) = J - | e x p (-y1 ) [3 cos ( y ) - s in (y1 ) - exp (-y1 ) ] | 
or f i n a l l y 
U 
u(x ,y) - 5— s i n (2ux/c ) * - 4 y ' + 2 y ' + 3 
8c JX" v , w ' V f f c 
o 
"2.640 
exp ( - y ' ) [2 cos (y ' ) + 6 s in (y1) + exp ( - y ' ) ] f 
+ F x(x) \ + F 2(x) y + F3(x 
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If the no-slip boundary condition is applied to equation 2-64- then it is 
seen that F~(x) = 00 
Solution for v(x,y)° The y-component of the time-mean velocity can 
now be determined by substituting equations 2o34-> 2,50, 2o57 and 2«64 into 
equation 2o6l„ This yields 
n 2 
- U u 
9v _ o ,n i 
r~ - o c o s (2ux/c 
a y Uc 2 
4 Y'2 + 2 y' + 3 (2,65) 





+ exp (-y') sin (y' ) - F1' (x) tp - F^ (x) y 
4c 
o 
The prime notation on F (x) and F~(x) represents the derivative of these 
functions with respect to x» Integration of equation 2.65 with respect to 
y yields the following expression for v(x,y): 
v(x,y) = - ̂ - ^ I c o s (2cox/c ) [-f y'3 + 2 y'2 
8c " o js 
2.66) 
+ 6 y' + exp (-y1) [9 cos (y') 
+ 5 sin (y') + exp (-y')]] 
4- exp (-y1) [cos (y1) + sin (y')]| 
3 2 
- F'(x) \ - F «(x) V + M*) , 1 4 
If the solid-boundary condition is applied to equation 2„66, then F,(x) is 
4 
found to be 
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U 2 u 6 
F , ( x ) = ° 0
a C [1 + 10 cos (2ux/c ) ] . (2.67) 
^ 8c 2 
o 
The functions F-, (x) and F„(x) must now be determined from the a p p l i c a t i o n 
of equat ions 2<,25b and 2.25c to equat ion 2.64-? i . e . for 




all x : p u dy ~ constant = w 
y=0 
For these conditions F,(x) and F~(x) become 
F^x) = £- sin ( W c 0 ) ~ [8 + 9 {~f) - f (~f) ] (2.68) 
ac 
3w 
3 a o P
 a 
and 







The quantity, w, represents the tirr.e-mean through-flow rate in the 
x-direction for one half of the channel. An average through-flow velocity 
41 
will now be defined in terms of w as follows: 





If the expressions for F,(x), F„ (x) and U are substituted into the 
equations for the time-mean velocities3 then the following equations are 
obtained: 
2-(x,y) - 3U [(y/a) - 1/2 (y/«)*] (2.71) 
and 
0r? U 
2/ / ac sin (2ux/cJ j[9 - « (~^)] [(y/a) - l/2 (v/a)*] 
- 3 + exp (-y') [2 cos (y') + 6 sin (y1) + exp (-y')]| 
2rr U 
v(x,y) - - [^r^-][^][cos (2UX/CQ) { (2.72; 
[9 - f (~f)] [1/3 (y/a)3 - (y/a)2] + 6 (y/a; 
- (-f^) [10 - exp (-y 1 ) {9 cos (y») + 5 s in (y 
+ exp ( - y ' ) ) ] } + H f O [exp (-y«) (cos (y-) 
+ s in (y 1)} - 1]" 
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Dimensionless Form of the Time-Mean Velocities. The assumed charac-
teristic velocities U and V can now be determined from equations 2.71 and 
2o72„ The velocity U must be chosen such that u(x,y) will be of the order 
of magnitude of one. Since U represents the average through-flow velocity, 
its range of values will be 0 £ |u| £ UL Therefore, U is not a suitable 
— — 2 
choice for U. The only other possible choice is U = U /c = M U . ' This 
1 o o o o 
quan t i ty w i l l only be zero i f the sound f i e ld does not e x i s t . Thus 
U E M U . (2o73 
o o 
The quantity li/U will be of the order one only if u/u is of the 
order 6 since 
U U U / Uo 
n M U M 
U o o o 
and 0(M ) = 6 and, therefore, if 0(u) = 1, then 
o 
(U/UQ) = 6 . 
That is, the average through-flow velocity must be small in comparison to 
the maximum amplitude of the time-dependent x-velocity. The characteristic 
velocity V will be taken as 
u2 
? = f - 1 = %\ e {2-iu) 
o 
Equations 2„7l and 2.72 can be written in dimensionless form as 
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3U/U 
u 1 ( x ' , y [ ( y ' / a ' ) - 1/2 ( y ' / a ' ) 2 ] ;2„75) 
- £ . s i n (2nx«) { [ 9 - " | ^ ] [ ( y ' / a ' ) - l / 2 ( y ' / a ' ) 2 ] 




v ' ( x » , y ' ) - - J [ c o s (2nx ' ) { [ 9 - ^ 7 ] [1 /3 ( y ' / a M 3 ;2„76) 
- ( y ' / a ' ) 2 ] + 6 ( y ' / a ' ) - ~ [10 - exp (-y >) (9 cos (y ' ) 
+ 5 s i n (y ' ) + exp (-y ' ) } ] | + - 7 [exp ( - y ' ) ( c o s (y ' ) 
+ s in ( y ' ) j " 1]" 
u' = u/(M U ) , v' = v/(M U a/ \ 




Time-Mean Stream Function. If the spatial variations in the time-
mean density are neglected then an expression for the stream function, 
\jj(x',y'), can be determined as follows: 






ijj (x1 , y ' ) = T | ) ( X ' , 0 ) + f u ( x ' , t ) d t 
0 
2.77' 
I f ajj (x ' , 0) = 0 , t h e n i | ) ( x ' , y ' ) becomes 
3(U/U ) 
T|>(x',y«) = — 2 " ^ p [ ( y ' / a
1 ) - ( y ' / a r / 3 ] a ' ( 2 . 7 8 ) 
o 
+ f s i n (27ix') { 3 ( y ' / a 1 ) - \ [ l - ^ 7 ] [ ( y ' / a ' ) 2 
- 5 (y'/a')3] + ̂ 7 [exp (-y') [8 cos (y>) 
+ 4 sin (y') + exp (-y')j - 9]| . 
Discussion of Results 
In order to present a clearer discussion of the results of the 
analytical investigations, the velocity field will be determined for the 
following set of property values: 
2000TI 
f t 
f t - s e c 
a = 1 i n c h 
\ - 12 i n c h e s 
r = 5220 R 
o 
5 = 1 atrn 




= 2.552 x 10 J inches 
M/M = 0 and 0.5 
0 
a/6 = 392 
a© 
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Time-Dependent Velocity Components 
X-Component. The first velocity that will be considered is the x-
component of the time-dependent velocity, u '(x',y',t')» This velocity is 
given by equation 2.59 as 
u ' (x1 , y ! , t ' ) = - cos (fix' ) [ cos (Tit1 ) - e x p ( - y ' ) cos {nt] - y ' ) ] ; ( 2 . 5 9 ) 
it satisfies the reduced equation of motion (equation 2.12), the no-slip 
boundary condition (equation 2.16a) and the symmetry condition (equation 
2.16b) to within a quantity that is of the order of magnitude of 
1 AA O 
exp(-a'-)/6 (10 " ). The relaxation of the symmetry condition resulted 
ac 
from assuming that terms that were of the order of exp(-a') were, for all 
practical purposes, zero. Equation 2.59 is illustrated graphically in 
Figure 10 for x' = 0 and for selected values of t'. 
In obtaining the equations which govern the time-dependent velocities 
only the terms in the dimensionless continuity and momentum equations that 
were of the highest order of magnitude were retained. The validity of this 
approach can be demonstrated by solving for the x-component of the time-
dependent velocity that results from retaining the terms in the governing 
equation which are of the two highest orders of magnitude—1 and l/& or 
b and 1. The solution for u.'(x',y',t') under this condition can be shown 
(see Appendix C) to be 
u ' (x! ,y',t') = - cos(Ttx') [cos (Tit1) - exp(-y') cos (ut' - y' )] (2.79) 
M 
+ -f- sin(2iixt) [sin^t') + exp(V2y') sin(27ct' -J2y<) 
4 
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+ 1.2 
Figure 10. X-Component of the Time-Dependent Velocity (xr = 0). 
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u '(x',y',t') = (Equation 2.59) (2.80) 
M 
+ — [sin (2nx') [sin (2Ttt') 
+ exp (-/2y') s in (2ut' - J~2 y ' ) 
- 2 exp (-y') sin (2nt' - y')]] . 
The acoustic Mach number, M , was assumed to be of the order 6 in the order 
' o 
of magnitude analysis and, therefore, equation 2.59 should be an excellent 
approximation to equation 2.80. This can be shown even more clearly when 
it is noted that a sound-pressure level of 150 db—re 0.0002 microbar— 
corresponds to M % 0.0063-r o 
Equation 2.59 is the same as the solution for u '(x',y',t') that 
was obtained by both Rayleigh and Westervelt. 
Y-Component. The y-component of the time-dependent velocity as 
given by equation 2.60 is 
v ' (x' ,y' ,t') - Wl J2) sin (nx < ) [cos (itt' - %//,) (2.60) 
- exp (-y') cos (itt' - TZ/A- - Y ! ) J 
This equation satisfies the reduced equation of motion (equation 2.13) and 
the no-slip boundary condition (equation 2,1.6a). It does not satisfy the 
symmetry condition (equation 2.l6b) since in the order of magnitude analy-
sis the y-momentum equation was of order b in comparison with the x-momen-
tum equation. This reduced the order of the differential equations by one 
and, therefore, one of the boundary conditions had to be relaxed. The 
symmetry condition for v ' was assumed to be the least important boundary 
condition and it was felt that this would not appreciably alter the time-
mean velocity profiles. 
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Both Rayleigh and Westervelt were coifronted with the same dilemma 
that has arisen here. Westervelt's y—component of the time-dependent 
velocity was the same as that given in equation 2.60„ Rayleigh, however, 
circumvented the problem by arbitrarily introducing the term 
[l - y'/a'] c o s (itt' - TI/U) in place of the term cos (nt' - u/4) • Thus 
his expression for v -, ' (x ' ,y ' , t' ) was 
v ' (x!,y',t') = (n//i) sin(nx') [(l-y'/a1) cos (ut' -%//,) (2.8l) 
- exp(-y ' ) cos (-it' - it/4 - y ' ) ] 
Equation 2.6l satisfies tne no-slip and symmetry boundary conditions but 
it does not satisfy the reduced continuity equation. 
Since equation 2»60 does not Involve the introduction of an arbi-
trary function of y and since Westervelt in his correction of Rayleigh's 
work used this expression for v '(x',y',t'), it was decided that the 
time-mean velocities would be based on the time-dependent velocities as 
given by equations 2.59 and 2.60. 
Equation 2.60 is illustrated graphically in Figure 11 for x! = l/2 
and for selected values of t'. 
Time-Mean Velocities 
X-Component. The x-component of the time-mean velocity as given 
by equation 2.75 is 
u!(x',y') = - ^ [(y'/a') - (y'/a«)2/2] (2.75} 
M 
o 
1 . ,„ , X ffr, 27 
- ^ sin(2Tix'){[9- -77] [(y'/a') - (y'/a')"^] 




Figure 11. Y-Component of the Time-Dependent Velocity (x' = l/2). 
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where 
W/M. (u/u )/M 
' o o 
2 
Equation 2.75 is illustrated graphically in Figures 12 and 13 for JV/M =0 
and l/2, respectively. 
The first figure shows the velocity profiles which exist in a 
resonant channel in which there is no through flow, the case which was 
considered first by Rayleigh and then later oy Westervelt. Equation 2.75 
can be reduced to Westervelt's solution for the x-component of the time-
mean velocity expressed in Eu.lerian (fixed) coordinates by setting M equal 
to zero (no through flow) and by neglecting the quantity 27/(2a1) since it 
is small in comparison to nine. 
Figure 13 shows the x-velocity profiles which exist when a slow 
through flow is present. It should be noted that there is no back-flow in 
the region for which 0 <2 x/x. <C 1/4. and 6 < y < a. A small back-flow does 
3. C 
exist within the A.C. boundary layer and this is shown in the exploded view 
of the A.C. boundary layer given in Figure 17 (p. 58). 
A large back-flow exists throughout the region for which 1/4. <L x/\ <̂  l/2 
and 6 < y and, therefore, a standing vortex is present in this region 
even though there is through flow in the channel. It should also be noted 
in Figure 17 that the velocity becoraes positive again before going to zero 
at the wall. This results in another very thin vortex adjacent to the wall. 
Y-Component. The y-component of the time-mean velocity as given by 
equation 2.76 is 
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Figure 12. X-Component of the Time-Mean Velocity for M/M = 0. 
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v'(x',y') rcos(2^x') ([9 - &r] [(y'/a')3/3 
4 2a 
(2.76) 
- (y'/a')2] + 6 (y'/a') -- ~ [lO - exp(-y?) [9 cos(y') 
4- 5 sin(y!) + exp(-y')]]} + TJ [exp(-y')(cos(y') 
+ sin(y')} - l]~ 
where v' = v/(l\A U a/\) and the characteristic velocity is V = U M ~ • 
0 0 0 o X 
It was assumed in the order of magnitude analysis that V was small in 
comparison to U and U was shown to be U M . This means that if these as-
0 0 
sumptions are to be satisfied then the naif width of the channel should be 
small in comparison to the wavelength of the acoustic waves. The necessity 
of this restriction has been shown experimentally by Andrade, Jackson (13), 
and the present flow visualization study. 
It is also of interest to note that v' does not depend upon the 
through-flow velocity U. Equation 2.76 is illustrated graphically in 
Figure 14.. 
Time-Mean Stream Function 
The time-mean stream function as given by equation 2.78 is 
i)(x!,y') = 
3 M 
[(y'/a1)2 - (y»/a')3/3] a (2.78) 
+ y sin (2TCX') {3 (y'/a') - | [l - ̂ 7 ] [(y'/a'): 
- ( y ' / a ' ) 3 / 3 ] + ~ [exp ( - / ' ) [8 cos (y<) 
+ 4 s in ( y ' ) + exp ( - y ' ) ] - 9 ] | . 
PLANE OF SYMMETRY 
2 h 
0.0 0.05 0.10 0.125 
x/A 
0.15 0.20 0.25 
Figure ik. Y-Component of the Time-Mean Ve loc i ty . 
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The stream function is shown graphically in Figures 15 and 16 for 
M/M '= 0 and l/2, respectively. Figure 15 represents the streamline 
pattern that is formed in a stagnant (no through flow) resonant channel. 
This is the case which was considered by Rayleigh and Westervelt. It can 
be seen from Figure 15 that there are four large vortices in a one half 
wavelength section of channel. It should be pointed out that there are 
also four very thin vortices in this section adjacent to the walls which 
have not previously been reported in the literature. The details of the 
smaller vortices are shown in Figure 17 for the case of a slow through 
flow. 
Thickness of the Main-Vortices. For the case of through flow that 
is shown in Figures 16 and 17 it is seen that the streamline pattern is 
repeated in one half wavelength sections and that each of these sections 
contain six standing vortices; four very thin vortices adjacent to the 
walls and two thick vortices (main vortices). The thickness of the four 
vortices next to the walls is approximately 0.003 inch and is, therefore, 
very small in comparison to the half width of the channel. 
The thickness of the two main vortices can be determined by: 
(i) setting the stream function (equation 2.78) equal to zero and (ii) 
solving the resulting cubic equation in y1/8' f°r its largest root. The 
two smaller roots of this equation correspond to the wall and to the thick-
nesses of the four vortices adjacent to the walls. 
An excellent approximation to the largest root can be obtained, when 
the maximum main-vortex thickness is greater than 0.1 a', by neglecting the 
terms in the stream function wnich are of the order of magnitude ofexp(-y') 
and l/a1. With this approximation the thickness of the main vortices (the 
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xA 
Figure 15- Time-Mean Stream Function for M/M = 0. 
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Figure l6. Time-Mean Stream Function for M/M = l/2. 




largest value of y'/a' = T ' f°r which the stream function is equal to 






CSC (2rcx')} 1/2 (2.82) 
where M E U/C and M = U /c . 
' o o o' o 
The maximum value of v ' occurs when 
1 x 
m - 1/4 , m = 0, ±1, ±2, 
and, therefore, the maximum thickness of the main vortices (y ) is given 
by 
Y = 1 
"m 2 i-2^ + H" .2.83) 
It should be noted that the maximum thickness of the main vortices 
is, to a first approximation, solely a function of the parameter IV/M 
This is shown graphically in Figure 18<, 
Region of Applicability 
The region of applicability of the solution will now be determined 
by reconsidering the order of magnitude assumptions which were made in 
view of the solutions that have been obtained for the time-dependent and 
time-mean velocities. 
In order to reduce the governing equations the following orders of 
magnitude were assumed for each of the characteristic velocities: 
X 
M/M, 
Figure 18 . Maximum Thickness of the Main Vort ices Versus M/M 
CA o 
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e(uo/c) = b 
e(v / u ) = 6 
0 O 
e(0/uo) - b 
e(v/uo) = 5
2 
The characteristic velocities that were obtained from the velocity 
solutions are 
U = U 
o o 
V = U b or V /U = 5 
0 0 O O 
U = U M or U/U = M 
oo o o 
\l = U M f or V/U = M 
0 O A. O O 
and, therefore, the original order of magnitude assumptions will be satis-
fied if 9(M ) = 6 and 0(a/\) = 6. This means that the half width of the 
o 
channel should be small in comparison to the wavelength of the acoustic 
waves. 
Another term should also be considered in this discussion. If 
u!(x',y) is to be of order one, then lu/u| must be less than or equal to 
one, i.e. 
U / ( U M ) | < i 
; o o ' ~ 
or 
I Ml < M 2 
i i — o 
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This means that this solution does not predict the effect of very small 
intensities of sound on laminar channel flow and, therefore, the condition 
of no sound is not a special case of this solution., It is interesting to 
note that the time-mean x-component of velocity for no sound is neverthe-
less the same as that for fully-developed channel flow (Couette flow)„ 
The region of applicability may be summarized by stating that the 
flow must satisfy the following conditions: 
M « 1 
o 
I Ml < M 
! I — 0 




Instrumentation and Equipment 
Geometry 
Before the analytical study that was presented in Chapter II was 
undertaken a preliminary flow visualization study was conducted to deter-
mine if a resonant acoustic field will produce a time-mean secondary flow. 
Since Jackson's heat transfer experiments had been conducted for a circular 
tube it seemed logical to use a circular tube for the preliminary flow 
visualization study. The qualitative results of this investigation, as 
shown in Figure 19, demonstrated that secondary time-mean flow does exist 
and that the flow seems to be periodic with respect to axial position with 
a period of one half the wavelength of the impressed resonant sound field. 
This study also showed that when secondary flows were present, the 
average through-flow velocity, U, was small in comparison to the maximum 
time-periodic velocity, U . It also indicated that the pressure disturbance 
was small in comparison to the time-mean pressure. These observations, the 
analyses of Rayleigh and Westervelt, and the flow visualization study of 
Andrade formed the basis of the analysis which was presented in Chapter II. 
It was originally anticipated that a study of the two-dimensional 
channel would produce the simplest experimental system. Consequently, the 
theoretical work was based upon the infinite parallel plate geometry. This 
geometry would also afford a comparison of Westervelt's solution with the 
special case of no through flow. 
6̂  
• 
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FLOW 
(a) 1440 cps 
M= 1 x 10" 
FLOW 
(b) 1600 cps 
M* 1 x 10~4 
FLOW 
(c) 1120 cps 
M= 0.5 x 10 - 4 
Figure 19. Qualitative Smoke Patterns from Preliminary Investigations 
for Circular Tube Flow. 
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A preliminary investigation of a rectangular duct verified the 
premise that standing vortices could also oe produced in this flow. A 
typical vortex is shown in Figure 20. Unfortunately, this geometry from 
an experimental aspect has many disadvantages. Several of these are dis-
cussed below. 
1. In order to improve a flow visualization apparatus from one 
which simply verifies the existence of standing vortices to one which will 
yield quantitative data, a great deal of care must be taken in the design 
to be certain that the actual flow is representative of che postulated 
channel flow. Since a side boundary layer is formed in a rectangular ducts 
the duct width to height ratio should be quite large so that the side 
boundary layer effect will be negligible. 
2. In order to verify the analytical solution, the easiest param-
eter to measure is the size of the main vortices which should be solely a 
function of U/(U M ) or IV/M . Accurate measurements from photographs 
require a duct height of at least 0.5 inch. 
3. In order to produce the required acoustic field with a simple 
driver-horn system, the smallest horn outlet dimension should also be at 
least 0.5 inch. This in tern limits the minimum frequency which can be 
used without injuring the driver to about 1000 cps and a corresponding 
wavelength of approximately 14- inches for normal atmospheric air. 
4. In order to have plane wave propagation, the largest duct di-
mension should be small In comparison to the wavelength. 
If conditions 1 and 2 are satisfied then the duct should be at least 
12 inches wide and, therefore, from condition 3 the duct width will be 
equal to, or greater than the wavelength. This is in direct contradiction 
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FLOW 
FREQUENCY - 1000 cps 
MACH NUMBER -0.0001 
Figure 20. Qualitative Smoke Patterns from Preliminary Invest igat ions 
for Rectangular Tube Flow. 
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to condition 4- In order to overcome the above difficulties a new method 
of producing the sound field would have to be devised. 
If the same factors are considered for a circular tube then it is 
found that no outstanding limitations exist other than relating the quanti-
tative results for a tube to the analytical solution for a channel. Circu-
lar tube flow is axially symmetric (no extraneous side boundary layer ef-
fects) and the tube diameter can be made sufficiently small in comparison 
to the sound wavelength without sacrificing accuracy in the vortex measure-
ments . 
With the premise that the vortex size should be a function of the 
same parameter, M/M , for both circular tube flow and channel flow, it 
was decided to attempt to perfect the circular tube geometry in order to 
obtain quantitative flow visualization data-
Test Section 
The test section, shown photographically in Figure 21, was composed 
of the following items: 
Inlet Plenum Chamber. The inlet plenum chamber was a hollow-
rectangular parallelepiped 15 inches wide, 12 inches long and 12 inches 
high. Five of the sides were constructed from l/2 inch plywood and the 
sixth side was constructed from l/2 inch plexiglass to permit observation 
of the fluid within the inlet plenum chamber. 
The light beam or the sound pressure probe was admitted to the 
plenum chamber through changeable panels in the side directly opposite the 
tube entrance. These panels were sealed by compressing automotive weather 
stripping between the panel and the plenum with four bolts with wing nuts. 
THERMOCOUPLE SEAL 
Figure 21. Photograph of the Circular Tube Test Section. 
03 
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The flared end of the bellmouth tube was cemented to another panel 
which could be easily removed (the tube had to be removed for cleaning 
after one or two hours of operation). This panel was held in place with 
four bolts and wing nuts and the cracks were sealed from the inside with 
adhesive sealing tape. A 6-1/2 x 6-1./2 inch access panel was provided in 
the top side of the plenum to permit this sealing. An air-tight seal for 
this panel was achieved by compressing automotive weather stripping between 
the access panel and the top of the inlet plenum with four bolts and wing 
nuts. 
The primary air was admitted to the inlet plenum chamber from a 
small calming chamber attached to its bottom surface. The air flow from 
this chamber was directed up and to the rear of the plenum by a l/2 x 6 
inch inclined duct which joined the two Chambers. This provided suffi-
cient residence time for the air to reach thermal equilibrium with the 
system and it also prevented appreciable distortion in the velocity profile 
at the tube inlet. 
Smoke was admitted to the inlet plenum through a l/2 inch tube near 
the top of the chamber. 
The temperature of the fluid in the inlet plenum was measured with 
an iron-constantan thermocouple in conjunction with a Leeds and Northrup 
Cat. No. 8692 portable temperature potentiometer. The thermocouple was 
mounted in a Conax thermocouple gland seal fitting. 
The inlet fluid (air-smoke mixture) temperature was constant to 
within the sensitivity of the potentiometer (± l/4° F) since the laboratory 
was air-conditioned and the thermal inertia of the air supply and test 
section was large enough to dampen the small oscillations in temperature 
that resulted from the cycling of the air-conditioning unit. 
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Bellmouth Tube-. The air-smoke mixture passed directly from the 
inlet plenum chamber into a 1.094 inch I. D. bellmouth Pyrex glass tube 
that was 42 inches long. This length was chosen for the following reasons: 
1. Pyrex glass tubing is supplied in 4-8 inch lengths. After one 
end of the tube was flared to form a bellmouth this length was reduced to 
approximately 45 inches. 
2. The laboratory temperature was to be maintained between 72 and 
80° F for personal comfort. This limited the range of the speed of sound, 
c . 
o 
3- For convenience, a fundamental frequency that was an integral 
multiple of five or ten should be chosen. 
From equation 2.58, CJ = 2n c /\ , but the frequency, f, is related 
to the circular frequency, u, by u = 2% f . Thus 
X. - cQ/f . (3.1) 
Morse (14) gives the following expression for the effective length of a 
small tube open at both ends: 
L = L + 0.85 D (3.2) 
where L is the actual length of the tube and D is the inside diameter of 
the tube. For an open-open tube the fundamental wavelength is twice the 
effective length of the tube. A trial and error solution of the foregoing 
equations resulted in a length of 42 inches, a fundamental frequency of 
160 cps and an air inlet temperature of 75° F. 
After flowing through the tube the air-smoke mixture was discharged 
into an exit plenum chamber and, subsequently, into the exhaust duct which 
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was vented to the atmosphere. In order to reduce the back pressure on the 
bellmouth tube and thereby reduce the possibility of leaks, a small cen-
trifugal blower was installed in the exhaust duct. Enough secondary air 
was added to the exhaust flow to maintain the test section pressure slightly 
above that of the atmosphere. 
Exit Plenum Chamber. The exit plenum chamber, a hollow thick walled 
rectangular parallelepiped that was ,.5 inches wide, 19-1/2 inches long and 1$ 
inches high, served as the housing for the driver-horn assembly and as the 
receiver for the air-smoke mixture. It also provided an open tube acoustic 
boundary condition for the bellmouth tube. A hinged rear door was in-
stalled in this chamber to provide easy access to the driver and horn. 
Light Source 
Two light sources were used in this study; a 4-00 watt Ken-Rad Type 
H-25 mercury vapor lamp in conjunction with a Sola mercury lamp transformer 
and a Kemlite-Laboratories Model LTXM-4 150 watt-second line flashtube in 
conjunction with a Heiland Strobonar IV. The flow was illuminated by 
directing a light beam down the axis of the tube from its inlet end. 
Either two collimating slits were used to produce a light beam to illu-
minate a vertical plane of fluid through the axis of the tube or the beam 
was allowed to illuminate the entire flow field. 
The mercury vapor lamp was used fcr continuous operation but the 
low intensity of light that it produced made it necessary to use time 
exposures of up to ten seconds. The flashtube unit permitted short dura-
tion exposures but since the time-mean flow was very steady the photo-
graphic data were the same for both light sources. 
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Although the plane beam of light produced superior streamline defi-
nition, several p lotographic experiments snowed that sufficient detail of 
the main vortices to permit measurement of their size was obtained by 
illuminating the entire tube. Since the light intensity was appreciably 
greater when the entire tube was illuminated, this condition was used to 
obtain the quantitative data. The mercury vapor lamp system is shown 
photographically in Figure 22, 
Air and Smoke Supply 
Air Supply. Low pressure atmospheric air was supplied by a variable 
speed Roots-Connersville Type AF-22 rotary positive blower in conjunction 
with a Vickers 3/4- H.P. hydraulic transmission and a l/4 H.P. electric 
motor. Air entered the blower through an inlet air filter, was compressed 
to a pressure of ten inches of water and was then discharged into a 3°2 
cubic-foot surge tank. This tank was used to dampen the low frequeacy 
pressure pulsations that were produced by the positive displacement blower, 
The surge tank was maintained at a pressure of ten inches of water by a 
pressure relief valve situated between the olower and the tank. The blower 
speed was regulated to a value which produced a slow bleed of air through 
this valve. 
The volumetric air flow from the surge tank was measured with an 
American Meter dry gas meter during the qualitative studies and with a 
Precision Scientific wet test meter during the quantitative studies. The 
flow rate was determined for both systems by measuring the time it took 
for at least ten complete revolutions of the gas meter dial with a Preci-
sion Scientific Time-It. The two air flow circuits that were used are 
shown schematically in Figure 23. The uncertainty in the flow rate is 
estimated to be less than ± 1 per cent. 
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Smoke Supply. Several smoke generators were developed for the ex-
perimental studies. The first generator was similar to a very large 
tobacco bowl pipe. It was charged with approximately one fourth of a can 
of pipe tobacco and produced excellent smoke for about one hour.. This 
system had to be cleaned after two hours of operation and this proved to 
be a very time consuming and distasteful task. In order to produce a clean 
continuous source of smoke an oil vaporizer was developed. 
The oil vaporizer, shown photographically in Figure 24-j consisted 
of an oil reservoir fitted with four fiberglass wicks which were heated to 
produce oil vapor by four spirally-wound nichrome resistance heaters. The 
heater temperature was controlled with a Superior Electric Powerstat by 
varying the A.C. voltage across the series-connected heaters. The wicks, 
the heaters, and the oil reservoir were enclosed in a sealed chamber which 
was held under a positive pressure by air from the air supply system. The 
air-smoke mixture left the generator through an exhaust tube located l/2 
inch from the heaters. Primary air was mixed with the air-smoke mixture 
from the oil vaporizer in the inlet plenum chamber. This system produced 
excellent qualitative data and it also permitted the very long runs which 
were necessary to perfect a satisfactory experimental technique. No quali-
tative difference between the streamline patterns produced by the tobacco 
smoke and the ones that were produced by the oil vapor could be observed. 
It was only after reliable quantitative data were taken that a noticeable 
difference occurred. (This point will be discussed further in Chapter IV.) 
The tobacco smoke generator that was finally used to obtain the 
quantitative data is shown schematically in Figure 25. This generator, 
developed by Johnson (13) for his studies of Kindt's tubes, consisted of 
Figure 24. Oil Vaporizer System. 
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a 3 inch I. D. plexiglass cylinder closed at one end with an inlet flange 
fitted with a rubber tube fitting and at the other end with a smoke-box. 
This box was provided with receptacles for five filter tip cigaretts and 
an ash tray to protect the plexiglass cylinder. After lighting the ciga-
rettes with a resistance heater, the inlet flange was clamped in place and 
the cylindrical chamber was then pressurized with fresh air from the surge 
tank. The air flow was regulated to produce a satisfactory burning rate. 
The cigarette smoke passed through the unburned tobacco and the filter; it 
entered the smoke-box, and was finally sent to the inlet plenum chamber 
without further filtration. The smoke produced by five cigarettes often 
lasted for as long as 30 minutes. This smoke was diluted in the inlet 
plenum chamber by the primary air stream and since the smoke was added 
periodically, the air-smoke mixture varied with time. This variation did 
not affect the streamline patterns, at least within the accuracy of the 
measurements that were made. 
Tar from the tobacco smoke formed a deposit on the tube wall and 
made it necessary to clean the tube before each data run since these de-
posites caused additional secondary flows which distorted the desired flow 
patterns. 
Sound Generating Equipment 
The sound generating equipment is shown schematically in Figure 26 
and photographically in Figure 27. A Hewlett-Packard Model 206A low dis-
tortion audio signal generator provided a source of continuously variable 
audio-frequency voltage at a total distortion level of less than 0.1 per 
cent. This signal was amplified by a Bogen Model CHA-75 amplifier. The 


























Fluke Model 102 "VAW" meter. The electrical to mechanical conversion was 
achieved with a University Model PA-HF speaker driver in conjunction with 
a one-inch 0. D. by 12-1/2 inch long cylindrical horn. The speaker had a 
frequency response of 70 to 10,000 cps and a power rating of 25 watts when 
operated at a constant frequency. 
In order to properly couple the driver-horn system to the resonant 
acoustic field in the tube, it was necessary to mount the driver-horn 
assembly on a sliding platform that could be moved in the axial direction 
by a hand wheel mounted on the exit plenum chamber. When the sound gen-
erating system was properly adjusted, wave analyses of the acoustic field 
showed that the distortion level was less than one per cent. 
Sound Measuring Equipment 
The sound measuring equipment included the following General Radio 
items: 
Item : Type 
Sound level meter 1551-A 
Power supply 1262-A 
High level microphone assembly 1551-P1H 
20 db attenuator pad 1551-PH 
Sound level calibrator 1552-B 
Transistor oscillator 1307-A 
In addition to the General Radio items listed above a Hewlett-
Packard Model 302A wave analyzer in conjunction with a Hewlett-Packard 
Model 297A sweep drive and a Moseley Model 2D Autograf X-Y recorder were 
used to record and analyze the sound pressure in the test section. 
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In order to measure the axial distribution of the sound pressure in 
the test section, a pressure probe was made by mounting the high level 
microphone (Altec 21-BR-180 condenser microphone) in a special receptacle 
at one end of a six-foot long by l/8-inch 0. D. stainless steel tube. The 
tube was open at the other end. It was necessary to use this arrangement 
since the microphone could not be inserted directly into the 1.094-inch 
I. D. tube without appreciably changing the sound field. 
The microphone end of the probe was supported by a small two-wheel 
carriage that ran on a 72-inch track. A ten-turn potentiometer and a dial 
cord were used to produce a linearly varying D.C, voltage that was propor-
tional to the axial position of the probe. This voltage was used to excite 
the X-mode of the X-Y recorder. The output from either the microphone or 
the wave analyzer was used to excite the Y-mode. With this probe, shown 
photographically in Figure 28, the logarithm of the sound pressure was 
plotted versus axial position. A typical plot is shown in Figure 29. 
Since the pressure probe was long, it was necessary to determine 
the probe attenuation as a function of frequency and intensity. This was 
achieved by producing a sound field in a two inch I. D. Pyrex glass tube 
and then by measuring the sound pressure level at a fixed axial position 
with the pressure probe and, subsequently, with the microphone alone. This 
process was carried out for each of the resonant frequencies that were used 
in the quantitative data runs. The attenuation was found to be virtually 
independent of intensity. The following table shows its dependence upon 
frequency: 
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The condenser microphone was quite sensitive to humidity and, 
therefore, it was necessary to calibrate it before each run, with a General 
Radio Type 1552-B calibrator which produced a sound-pressure level of 121 
t 1 db (re 0.0002 p,bar). The overall uncertainty in the sound-pressure 
probe measurements was estimated to be less than ± 1.5 db. 
The sound-pressure level, SPL, measured relative to a pressure of 
0.0002 microbar is defined (15) as 
SPL E 20 log (p/0.0002) db (3-3) 
where P is the r.m.s. pressure deviation due to the sound waves expressed 
in microbars. If the pressure and velocity are assumed to have the same 
relationship that they do in an inviscid perfect gas undergoing resonant 
acoustic vibrations 
»J = 72 P = p c U , (3-4) 
1'max max ro o 0 





a = 0.2-C . 1 0 t
( S P L - l 8 0 ) / 2 0 ] (3.5 
where C is the ratio of standard atmospheric pressure to the static pres-
sure in the tube. It is of interest to note that an uncertainty of ± 1.5 
db in the SPL results in an uncertainty of approximately ± 17 per cent in 
M . If this is combined with the uncertainty in the flow rate measure-
o ; 
p 
ments, then the uncertainty in the parameter M /M is approximately ± 35 
per cent. 
A Sorensen Model 2501 A.C. line voltage regulator was used to supply 
117-volt A.C. power to all of the electronic equipment. 
Photographic Equipment 
The photographic equipment consisted of a Graflex 4 x 5 inch Speed 
Graphic camera with a Schneider Xenctar 1:2, 8/150 lens and a Polaroid 
Land Camera back. Polaroid Type 47 film (3000 speed) was used exclusively. 
Due to the low intensity of light produced by the mercury vapor lamp, it 
was necessary to use film exposures of five to ten seconds. 
In order to obtain photographic data from various regions along the 
tube axis, the camera was mounted on a sliding frame (see Figure 27) which 
permitted axial movement of the camera parallel to the tube axis. 
A strip of 10 x 10 to the l/2 inch graph paper was cemented to a 
wooden strip and this strip was inserted in the tube such that the graph 
paper was in a vertical plane through the tube axis. Photographs of this 
grid showed that the tube produced no measurable distortion; at least not 




The experimental procedure that was used to obtain the quantitative 
data consisted of the following steps: 
1. The power (117 volts, 60 cycle A.C. regulated to within ± 0.01 
per cent) to the electronic equipment was turned on and a warm-up period 
of at least three hours was provided. 
2. While the electronic equipment was stabilizing, the mercury 
vapor lamp, the air supply blower, and the exhaust duct blower were turned 
on. These items stabilized in approximately 30 minutes. The bellmouth 
tube was removed from the test section; it was washed and dried and then 
it was reinstalled in the test section. The tobacco smoke generator was 
also cleaned and charged during this period of time» 
3. The primary air flow was adjusted to produce the desired 
through-flow Mach number, M. For the tube which was used the expression 
which related the volumetric flow rate to the through-flow Mach number is 
M = 0.135 Q (3.6) 
where Q is volumetric flow rate expressed in cubic feet per second. 
4. One of the five resonant frequencies that were used in these 
investigations was set on the audio signal generator. 
5. The amplifier gain was increased until audible sound was emitted 
by the speaker system. 
6. The sound-pressure probe was inserted in the tube to the axial 
position where the first pressure loop occurred (x = X./4-) • The amplifier 
gain was then increased to produce the desired acoustic Mach number, M . 
M was related to the sound-pressure level in the following fashion; 
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M = 0.2-C . 1 0 ^ :
S P L - l 8 ° ) / 2 0 ] . (3.5) 
o p 
7. The axial position of the driver-horn assembly was then ad-
justed until the sound-pressure leve_, SPL, became a maximum. This adjust-
ment also corresponded to either maximizing the voltage or to minimizing 
the current or power to the speaker-driver while the amplifier gain was 
held constant. Due to the sensitivity of the "VAW" meter, it was possible 
to accurately position the driver-horn assembly without using the sound-
pressure probe. 
Minimizing the power was the most sensitive indication of position 
and, therefore, this method was used exclusively. 
8. A fine adjustment in the signal frequency was next made to 
further maximize the SPL or as in the last step, minimize the power to the 
speaker-driver. 
The tube was resonant when for a set value of the amplifier gain 
the SPL could not be increased by either adjusting the axial position of 
the driver-horn assembly or by adjusting the signal frequency. The reso-
nant state was also characterized by the fact that for a set value of the 
amplifier gain the power supplied to the speaker-driver could not be de-
creased by adjusting either of the above quantities and, therefore, a true 
resonant state could be obtained without using the sound-pressure probe. 
This permitted frequent checks for resonance even after the sound-pressure 
probe was removed from the tube. 
9. The five cigarettes were lighted with a resistance heater; the 
air supply to the smoke generator was opened; the inlet flange of the gen-
erator was clamped in place; the air supply flow rate was adjusted such 
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that the cigarettes burned slowly; the tobacco smoke was blown into the 
inlet plenum chamber until the cigarettes burned out; the smoke-generator 
valves were then closed. 
10. The amplifier gain was again adjusted to produce the desired 
value of M . The system was then checked for resonance and, if necessary, 
steps 7, 8 and 10 were repeated until the tube was resonant and the desired 
value of M was obtained. 
o 
11. The maximum value of the sound-pressure level in the tube was 
recorded and then the probe was removed from the tube. 
12. A time period of from 1C to 15 minutes was allowed to be cer-
tain that the system was in a steady-state condition. 
13. Photographs of the flow were taken at two or three different 
axial positions. This usually resulted in photographs of four or five 
pairs of "main" vortices. 
14-. The data that were taken during the time-interval between when 
the first and the last photographs were takei are: frequency (cps), power 
supplied to the driver (watts), volumetric flow rate of the primary air 
(ft /sec), inlet plenum chamber temperature (°F), the wet test meter and 
inlet plenum chamber pressures (inches of water), and the barometric pres-
sure (inches of mercury). 
15. At the conclusion of tne run the sound-pressure probe was again 
inserted in the tube to the axial position of the first sound-pressure loop 
and the maximum SPL in the tube was again recorded. If this value differed 
by more than ± 0.2 db from the previously recorded value of SPL, then the 
run was discarded. 
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16. The main-vortex "size" was determined by measuring the lengths 
A and B which are shown in Figure 30. 
Figure 30. Schematic Diagram of Two Pairs of Main Vortices. 
The main-vortex "size" is given by 
rm = i -- B/A (3.7) 
For a given lens and tube, the value of A was constant and, therefore, it 
was only necessary to measure B. This measurement was made with a divider 
and scale (100 divisions per incn) and the value of B was taken as the 
arithematic mean of the values of B for each pair of main vortices that 
were photographed. 
The uncertainty in the measurement of A was approximately ± 0.002 
inch and that of B was approximately ± 0.005 inch. Thus, for a value of 
y =0.1 the uncertainty was ± 20 per cent whereas for a value of y = 0«5 
the uncertainty was only ± 3-5 per cent. 
Discussion of Results 
The results of the quantitative studies are shown graphically in 
Figure 31. The crosshatched region represents the uncertainty in the 
sound pressure level measurements (± 1.5 db) which is reflected in a cor-
responding uncertainty in the value of M/M ~. • The uncertainty in the 
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vortex size measurements is well within this region0 The dashed curve 
represents the general trend of the tube data and based on a given value 
2 
of M/M the scatter about this curve is less than ± 16 per cent. 
o 
The unshaded data points were obtained with tobacco smoke whereas 
the shaded data points were obtained with oil vapor. There is a definite 
quantitative difference between the streamline patterns that were produced 
by these tracers. This difference is attributed to the fact that the oil 
vapor particles were considerably larger than the tobacco smoke particles-
p 
For a given value of M/M the vortex size was larger for the oil vapor 
and air mixture than it was for the tobacco smoke and air mixture. If 
the particle size of the tracer is extrapolated to "zero" then the true 
curve should lie below the present curve for tobacco smoke. 
The most remarkable result of this study is the relatively close 
agreement of the experimental data with the theoretical vortex size for a 
channel. However, the slopes of the curves are different and there is a 
definite indication that it takes a stronger sound field to produce a given 
size vortex in a tube than it does in a channel. 
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CHAPTER IV 
DISCUSSION OF RESULTS 
The results which directly pertained to the effect of a resonant 
acoustic field upon laminar channel flow have already been presented in 
Chapters II and III. The discussion which follows will be concerned with 
a qualitative explanation of the local heat transfer effects that were 
discovered by Jackson, e_t al. 
The streamline pattern shown in Figure 16 will now be closely ex-
amined in an attempt to qualitatively explain the variation in the local 
heat transfer coefficient that is shown in Figure 6. (Figures 6 and 16 
are repeated on the following pages for convenience.) It is assumed that 
the channel walls are isothermal, that there is a thermal entrance at 
x/\ = 0 and that thereafter the walls are at a higher temperature than 
the mixed mean temperature of the fluid at any position x/X.. 
Consider a particle of fluid X which starts at point A and then 
moves along its streamline in the positive x-direction. As x/X. increases 
the particle moves closer to the wall and since it is cooler than the wall 
there will be heat transfer to the particle and its temperature will in-
crease. After passing x/X. = l/8 the particle moves slightly away from 
the wall but its temperature continues to increase until it reaches 
x/\ = l/4- At this point it diverges from tne wall and moves along out-
side the main vortex parallel to another particle Y that starts at point B. 
As the two particles move out into the main stream along their re-













Figure 6. Local Nusselt Numbers Versus x/L for Various Sound-Pressure 
Levels; Reynolds Number = 11,600. 
0.50 
•J 
Figure l6. Time-Mean Stream Function for M/M = l/2. 
vo 
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in this region. This steepening produces heat transfer from particle X 
to the adjacent main stream and, therefore, as it travels from x/X = l/4 
to x/X = l/2, its temperature decreases. At x/x - l/2 particle X starts 
the process over again but it Is at a higher temperature than it was at 
point A. Particle Y, however, "impinges" upon the wall near x/x = 1/2 and 
then moves back toward point B. It is "rapped in this loop. 
With this description of what happens to the temperature of two 
typical particles of fluid, one flowing just outside of the main vortices 
and the other one flowing just inside one of the main vortices, a qualita-
tive analysis of the local heat transfer rate can now be given. The analy-
sis will begin with particle X at point A. Coupled with X's movement in 
the positive x-direction will be a wallward translation thereby bringing 
cool fluid near to the wall and subsequently increasing the heat transfer 
rate in this region. A wallward translation of cool fluid is also oc-
curring within the main vortices near the positions x/X = 0, l/2, 1, 3/2, 
etc., that is, near the velocity loops. This process is similar to a cool 
jet impinging on a heated plate and, therefore, the local heat transfer 
rate should be quite large in these regions. The maximum values of the 
local rate should occur slightly before the velocity loops since the 
streamline impingement is sharper in this region. Jackson's data which 
are presented graphically in Figure 6 show this very clearly. 
As particle X moves toward x/x = l/2 its temperature increases and 
it diverges from the wall after passing x/X - l/8. This should result in 
a decrease in the local heat transfer rate from its maximum value which 
occurs near the velocity loop all the way to the velocity node at x/x =5=1/4. 
The same argument is applicable to particle Y as it moves from the loop 
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(x/X = l/2) toward the node at x/X = l/4. The minimum heat transfer rate 
should occur slightly before x/x = 1/4 since ::he streamline divergence 
from the wall is greater in this region. This is also verified by Jackson's 
tube data. 
Another interesting outgrowth of this study is the correlation of 
the threshold data of Eastwood. Eastwood measured the local heat transfer 
rate for forced convection in a horizontal isothermal tube with an im-
pressed resonant acoustic field. He defined the sound threshold level to 
be the sound-pressure level below which no noticeable change in the local 
heat transfer rate occurred due to sound. If this is interpreted in terms 
of the flow field which existed, then it should follow that a certain mag-
nitude of disturbance in the flow is necessary to produce an observable 
change in the heat transfer characteristics of the tube. From the present 
theoretical analysis the magnitude of this disturbance (evidenced by vortex 
size) should be characterized by the parameter M/M . Eastwood's threshold 
level data are given below in tabular form. 
Table 2. Eastwood's Threshold Level Data 
Re M SPL M M/M ' 
O O 
2100 0.001015 151.5 0.0075 18.1 
11600 0.005609 153.5 0.00942 63.2 
16000 0.007736 155.0 0.01121 61.4 
33000 0.01596 158.0 0.01582 63.8 
From these data it is clear that the sound threshold level is given 
2 
by M/M ' = 63. The one level that does not fit this correlation can be 
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easily explained. Heat transfer tests without sound (l) on the apparatus 
that was used by Eastwood showed that combined free and forced convection 
exists when the Reynolds number is less than approximately 10,000 and, 
2 
therefore, the parameter u/u does not sufficiently describe the secondary 
flow field in this Reynolds number region. 
CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
An analytical and experimental investigation of the effect of a 
resonant acoustic field has been made. The analytical study treated flow 
in an infinite channel whereas the experimental study considered flow in 
a circular tube. The conclusions from these investigations are 
1. A resonant acoustic field will produce steady secondary flow in 
a channel or a circular tube with or without through flow. 
2. The "size" of the standing vortices which are formed in the 
case of through flow is, to a first approximation, solely a function of 
p 
the parameter M/M r o 
3- The effect of sound on the local heat transfer rate for a hori-
zontal isothermal tube as obtained by Jackson is qualitatively explained 
in terms of the flow field which was ooserved experimentally and predicted 
analytically. 
4. The sound threshold levels obtained by Eastwood (the sound 
levels below which a resonant acoustic field does net locally affect the 
p 
heat transfer rate) correspond to the condition for which M/M = K 6 3 . 
o 
The following items are recommended as a logical extension of the 
work which has been presented: 
1. Using an order of magnitude analysis similar to the one pre-
sented here, the governing equations for laminar flow in a circular tube 
should be obtained and solved. A quantitative check of this solution 
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should then be made by comparing the analytically determined vortex size 
with the one which was experimentally determined here. 
2. The energy equation should be solved for the channel and the 
circular tube geometries with a thermal entrance at a position where the 
velocity field is fully developed. 
3. An experimental apparatus should be constructed similar to the 
one used by Jackson but with an entrance length sufficiently long to pro-
duce fully-developed flow at the thermal entrance. The heat transfer rates 
should be determined with and without a resonant acoustic field and they 
should then be compared with the analytically predicted ones (this requires 
the results of the previous recommendation). 
4. Flow visualization studies should be continued to determine the 
effects of: (i) high intensity sound, (ii) off-resonance, and (iii) free 





ONE-DIMENSIONAL ACOUSTIC WAVE EQUATION 
In order to present a complete analysis of the problem under con-
sideration, the one-dimensional acoustic wave equation will be derived. 
The derivation of this equation is presented in several very good refer-
ences (14) > (16) and (17); however, the derivation which is presented here 
emphasizes the order of magnitude assumptions which are necessary to obtain 
the wave equation. The order of magnitude analysis will be the same as the 
one which is used in Appendix B to obtain the governing equations for the 
case of viscous, compressible, channel flow under the influence of a reso-
nant acoustic field. 
Derivation of the Wave Equation 
The wave equation for a stagnant, inviscid, ideal gas will be de-
rived from the following set of governing equations: 
Continuity 
^ + £(pu) = 0 (A.l) 
Momentum 
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Equation of State 
p = pRT , c = constant (A.3) 
Second Law 
s = constant (A. 4-) 
Acoustic waves by their definition produce only small deviations in 
properties from their values in the undisturbed or time-mean state. For 
this reason the density, pressure, and velocity of tne fluid will be ex-
pressed as the sum of the value of the time-mean property and the devia-
tion of the property due to the acoustic wave, i.e. 
P = P + Pi , (A.5) 
p = p + p] , (A.6) 
and 
u = u +• u (A.7) 
where p, p and u are the time-mean values of the density, pressure, and 
velocity, respectively, and p , p , and u represent the respective time-
dependent deviations from these values. For the case of a "stagnant" gas, 
u is zero and p and p are constant and will oe denoted hereafter as p and 
p , respectively. The one-dimensional wave equation will now be obtained 
by the following steps: 
Step 1. Solve the continuity equation for 77 and then determine 
2 ^ 






Step 2. Since the flow is assumed to be isentropic, the pressure 
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since by definition 
^ap ;s (A.n) 
f t X~) fjn |^r\ 
For an isentropic flow (r-^) = , and if ', is expressed in Taylor series r 3p s dp dp r 





o dp o 
(P - P 0 ) + (A.12; 
-k k 
Also, for an i s e n t r o p i c process in an i dea l gas p = p p p and, there-
fore , 
"d£-| -k k-1 
_ 2 _ d p 
dp 0 
- k p p p 
.dp _J 0 0 o 
r 0 
= k ( k - l ) p P
 k p k " 2 = (k-1) c 2 / P 0 0 0 0 0 
>.13) 
A.H) 
and f i n a l l y 
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c2 = C Q
2 [1 + (k-1) Pl/po + •••] . (A.15) 
The higher order terms in p,/p will be omitted in the analysis 
which follows. 
Step 3. Combine equations A.8, A,10 and A.15 to obtain the follow-
ing approximate expression: 
„2 „ .2 c (k-1) . 3Pl 
^-^- = - c2 -2- (pu) + -2- 9R -1! fA l61 





Step ^. Solve the momentum equation for ~~ and then determine 
^ ^ 3x 
This y i e l d s 
3 p _ _a_ t C H A d_ i 3JJN f A n K 
attx ~ "at (P at' "at lpu ax1 (A-17) 
Step 5. Combine equations A.16 and A.17 to obtain 
2 
a 2 o a
2 2 2 C ( k - 1 ) a a p n 
a_n _ 2 a_u _ ^_u a__p_ __q : '_ a£ _r i , ^ 
. , 2 2 p 2 '"" p Pn ax a t ^ •
i • 
a t 3x 3x r ro 
_ I ^ an _ I I / Qû  
P at at p at VH axy 
The left side of equation A.lS is the desired wave equation and, 
therefore, it must be shown that the right side of the equation is approxi-
mately zero. 
Step 6. An order of magnitude analysis will now be used to deter-
mine the relative magnitude of the terms in equation A.lS. It is first 
necessary to define the following dimensionless variables which have an 
order of magnitude of one: 
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P =: P 0 P' = P 0 + ?1 (A. 19a) 
P = PQ P' = P 0 + P1 (A.19b) 
u = U u' -• u. 
o 1 
where the prime superscript denotes a dimensionless property. The charac-
teristic velocity, U , represents the maximum positive value of u . Since 
acoustic waves are being considered, the following orders of magnitude are 
assumed: 
(p o',P o',u 1
I) = 1 (A.20a) 
9(p ',p ') = 5 , where 6 « 1 (A.20b) 
(UQ/C) = 6 
Dimensionless length and time must now be chosen such that derivatives 
with respect to them are of the order of magnitude of one. For the peri-
odic sound waves which will be considered later in this analysis the char-
acteristic values of length and time will be taken as \/2 and \/(2c), 
respectively. • Thus 
x = x' \/2 (A.21a) 
t = t' \/(2c ) = t' TC/(J (A.21b) 
and 
e ( ^ * sfr) = i (A.22) 
where \ is the wavelength of the sound wave. Under these assumptions 
equation A.18 in dimensionless form is 
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A.24) 
The momentum equation in dimensionless form is 
3u, • du 
i \ ^ = 0 
P' ~ + u0 P'
 u i ' ax ' ' M ax-
0 
1 1 6 1 1 1 1/6 6 
(A.25) 
If only the terms in equation A.25 which are of the order one are retained, 
then the momentum equation in dimensional form is approximately given by 
a u 1 dp1 
Po iT + "9T
 = ° A.26) 
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The continuity equation in dimensionless form is 
a«V 
+ M _.2_ p ' + P / K U ' ) ] - o it ' b 6x! L v r o r l ' v 1 
6 5 1 5 1 
(A. 27 
Again, if only the terms which are of the order b are retained, then the 
continuity equation in dimensional form is 
a p i A
 a u i 




ORDER OF MAGNITUDE ANALYSIS 
The following is a summary of the order of magnitude analysis which 
was used to linearize the continuity and momentum equations. This analysis 
embodies the assumptions that the density, pressure and velocity may each 
be represented as the sum of a time-mean component and a periodic component 
and that the viscosity is constant. 
The first step in this analysis is to choose characteristic values 
of the properties x, y, t, u, v, p, p and p, such that the order of magni-
tude of a dimensionless property formed by dividing the property by its 
characteristic value is one. In addition, the characteristic values of 
length and time should be chosen such that derivatives with respect to 
these quantities are of the order one. The values which were picked for 
this analysis are x/2, b , it/u* U ancl U > V and V , p and p c If , D 
I i a c ? / u, Q> 0 * 0 P 0 0 0 ' ^0 
and p M , and p , respectively., Thus, the dimensionless properties, 
denoted by a prime superscript, are 
x = X/2 x' (B.l) 
y = 6 ^ y' (B.2) 
t = TC/CJ t< or \ / C Q t ' (B.3) 
u = Ij u ' (B.4) 
u l = Uo U l ' ( B ' 5 ) 
v = y v1 ( B . 6 ) 
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v% = VQ Vl> (B.7) 
P = P P' (B.8) 
p, = p c U p ' (B.9) 
rl ro o o 1 
P = PQ P' (BolO) 
p, = p M p.. ' (Boll) 
rl ro orl v ' 
M- - ^ P (B.12) 
m 
w 
A justification of the characteristic values will now be given. 
X./2. It is anticipated that the flow field under consideration will 
be duplicated in half wavelength sections. This supposition is in agree-
ent with the analytical analyses of Rayleigh (5) and Westervelt (7) and 
ith the experimental program which was conducted in conjunction with the 
theoretical analysis that is being presented here. Due to the presence of 
a resonant acoustic field the x-component of the periodic velocity will 
also be periodic in position x with a period of A. (see Appendix A ) . Thus 
the derivatives of periodic velocity with respect to x! will be of order 
one. It is assumed that the derivatives of the time-mean velocity with 
respect to x' will also be of order one, 
5 . The characteristic length, 5 , is referred to in the litera-ac J ' ac' 
ture as the A.C. boundary layer thickness and is given by the expression, 
6 E J2v /u , where v is the kinematic viscosity and u is the circular 
ac o o 
frequency of the resonant acoustic field. Periodic flow fields all have 
large changes in velocity in the direction normal to the wall. These 
changes, for the most part, are restricted to a thin layer of fluid near 
the wall which is referred to as the A.C. boundary layer. Thus, by using 
Ill 
b as the y-characteristic length the derivatives of the dimensionless 
cl C 
velocity with respect to y' should be of order one. 
TI/W. The characteristic time, 71/u or its equivalent \/2c, is 
chosen since the circular frequency of tne periodic components of density, 
pressure, and velocity is u (see Appendix A). Thus an order of magnitude 
change of one in time t' results in an order of magnitude change of one 
in the components p, ' , p, ', u ' and v '. 
0. The characteristic velocity, U, is associated with the time-
mean flow field. Its relation to the periodic flow field is to be deter-
mined. 
U . The characteristic veloc Lty, (J , is taken as the maximum am-
o ' o 
plitude of the x-component of the periodic velocity, u . It is assumed 
to be equal to the maximum amplitude of the oeriodic velocity for an in-
iscid fluid undergoing resonant acoustic vibrations (see Appendix A, 
equation A.37). 
V. The characteristic velocity, V, is associated with the y-com-
ponent of the time-mean velocity. Its relation to U will be determined 
by an order of magnitude analysis of the time-mean continuity equation. 
V . The characteristic velocity, V , is associated with the y-
o o 
component of the periodic velocity. Its relation to U will also be deter-
mined by an order analysis of the continuity equation. 
p . The characteristic pressure, p , is taken as the time-mean ro o 
component of pressure at the position x = 0, y - a. For the through-flow 
rates to be considered, the pressure will not deviate appreciably from p . 
p c U . The characteristic pressure, p c U , is picked since this ro o o r ro o o' r 
represents the maximum amplitude of tne periodic component of pressure for 
v 
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an inviscid fluid undergoing resonant acoustic vibrations and for which 
the maximum amplitude of velocity is U (see equation A.38). 
p . The characteristic density, p , is taken as the time-mean ro o 
density at the position x = 0, y = a. It is assumed that the time-mean 
density of the fluid is constant and equal to p throughout the flow field. 
p M . The characteristic density, p M , is picked since the maximum ro o ro o 
amplitude of the periodic component of density for an inviscid fluid under-
going resonant acoustic vibrations and for a maximum amplitude of velocity, 
U , is p M (see equation A.39). 
0 r0 0 
[i . The characteristic viscosity, JJ, , is taken as the viscosity of 
the fluid. Since the viscosity has been assumed to be constant, JJ, ' will 
be identically one. 
Continuity Equation 
The continuity equation will now be analyzed in light of the fore-
going variable changes and the following assumptions concerning the orders 
of magnitude of various quantities: 
9 ( ^ ' ^ ' a ^ ' " l ' u i ' i " , ' v i , ' " p , ' p i ' ^ ' j f 3 i , ^ , ) = l ( B , 1 3 ) 
9(2 6acA, U O/C Q, U/Uo) = 6 (B.H) 
The three assumptions listed in equation B.14 require justification. 
The first term, 2 6 f\ - >jL v AiXc , is very small for a gas at 
ac o o 
normal pressures and temperatures and for "long" wavelengths. As an ex-
ample, air at one atmosphere of pressure and a temperature of 522° R will 
be considered. For a wavelength of one foot, 6 - 2.13 x 10 « 1. 
113 
Acoustic waves, by their definition, are very small deviations in 
property values from their time-mean values; thus, the second term 
U /c « 1 and will be assumed to be of the order of b. 
o o 
The third term, U/U , is assumed to be small in comparison to one 
in order that the momentum equation can be linearized. The importance of 
this assumption can be seen by a careful analysis of equations B.21 and 
B.22. 
In dimensionless form the continuity equation becomes 
o o fj, 9_ 
x. VM a t ' 
" 0 
1/6 
Mp ' ) + 
o r l 
a 




2 6 3 y ' 
ac 
1/6 




The time average of equation B.15 is 
p'u' + M p 'u1 3 x ' I U r o r 1 1 
" O 
.x__a_ PL r,~ + - - - - - - IT?" p'v' + M — p 'v. ' 
2 6ac 9>" LUo b U
rl 1 
o 
= 0 (B.16) 
Inspection of equations B.15 and B.16 indicates that the orders of 
magnitude of V/U and V /u are 
' 0 0 0 
e(v/uo) = 5' (B.17) 
and 
9(V /U ) = 6 
o o :B. IS) 
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The time-dependent continuity equation is obtained by retaining 
only the terms in equation B.15 which are of order one. This gives the 
following equation in dimensional form: 
aP 
at + po L ax 
au av 
" + -:~k = 0 y 
(B.19) 
The time-mean continuity equation is given by equation B.l6. In 
terms of dimensional quantities, it becomes 
3u 3v 
3x 3y ^ - { £ < P I ° I > + & < P I V I > (B.20) 
Momentum Equation 
The momentum equations, equations 2.2 and 2.3, will now be analyzed 
using the foregoing variable changes and the assumed orders of magnitude. 
In dimensionless form they are 
[P1 + V i ' I i T ^ r * ( ^ ' +V> ^ (^~u' at •u 
1/5 
1 ' ax' "u 
1 
: B . 2 I ) 
x / v - 0 . N a f u -, . . 
^ — v ' + — v ' ) ( — u ' + u ' 
2 6 ^U U 1 y 3 y < VU 1 
ac 0 0 } o l/h 2 1 
P 
K o 0 
0 3p ' 
2 3 x f 
1/&2 6 2 
M a x ' U X \ 3 x ' L 
o o 
[ 2 ^ ( f ^ +V> 
2 v 
l / s 1 
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2 r_j i_ ( U - , , , N , X. 8 / V - , o 
- u ' + un ' ) + — , {— v ' + TT- v 3 L 3x ' XU 2 6 5 y ' VU ac o 
1/6 6 2 
M 
11. _2_ 
2 6 9 y ' L^ ^2 5 3 y ' VU 
ac ac o 
£L_ / u -. . v _a , v -. o 
- u' •+ u ' ) + r"r (— v + -
1/6 1 1/i 
i ' ax' vu 
( 
1 5 : 




o H l 
— — + (— u ' + u ) ( ~ v + — v ' J 
• M U a t ' Û 1 ; 3 x ' VU U 1 ' 
0 0 0 0 0 
1/6 6 1 
2 
(B .22) 
\ u V at, V -
A. / v - . , o . x a ,_v_ - , , o . 
— v ' + — v ) ("— v ' T — v 
2 6 lU U 1 ; 3 y ' VU U 1 -
ac o o o o 
X _g 8joJ 
1/6 
2 2 
2 5 a c p U 2 ^ ' 
r 0 0 
1/6 1/62 6 4 
X 1 ^ l ' 1 
2 5 M 3 y ' ac o ' 
1/6 1/6 6' 
A 51 
U X 12 & ay 





i C o £ O / V - , , O , v 
r i2~8v- ( irv + r v i 5 
ar 
1 1/5 
, N _X a / V --, 0 
u' + u ' ) + r ^ 7 7 - v" + 7— v 
3 9 x ' U 1 2 & 3 y ' U u 
o ac J o 0 
2 r_Q_ ,JJ. -
La „ 1 \i , ' ) ] ] ] 
1 1/5 
x a / u -, , , N , a /v -, , o v 
ax' L- ' 2 8 a y T
u + u i ] +a7" ( F v + F vi } 
ac 0 0 0 
A 
H' {: 
1 1/6 i 6 
Consideration must now be given to the orders of magnitude of the 
quantities 
u ^ a", o op' dp 




" a " ' 
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P 
The fluid under consideration is assumed to be a perfect 
n 2 P U 0 0 
2 , Po 
gas and, therefore, the speed of sound squared is given by c = k — . 
^o 
P P T 
Thus p may be expressed as ~ = ~ and finally, the order of 
p U p U k M ' 
r0 O O O 0 
magnitude is l/& , i.e. 0( —) = l/& 
P U 
UQX 
. ' The A.C. boundary layer is a region in which the inertial 
o 
and the viscous forces are of the same order of magnitude. If the terms 
in the x-momentum equation involving periodic quantities are investigated, 
i - a V 
then it is noted that the largest inertial term, — p' ^r~r , is of the 
° 2 1 \2 9 V order l/& . Thus the largest viscous term, ~.—r — ~ LI ' — , must 
_o 4 6 3y' 
ac ; 
n 2 v ,2 , 0 , 9 u ' 3u 
also be of the order l/b . Since p, — and p ; are of the order 
a . fC Q L 
y' 
1 x 1 
one, the quantity ~ — r must be of the order of magnitude of ~ . 
U X , 2 M 
-0 U b^r 0 
2 Li 
ro 
It has been previously assumed that the order of magnitude of both M and 
2 & U Q X 
— are b. Therefore, is of the order 1/5 . 
X 2 v 
o 
The A.C. boundary layer thickness can also be estimated from the 
foregoing expressions as follows: 
1_ c 






^ u x . 2 
0 4 6 a c 
or 
/v X 
5ac " V 2c 
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but for a resonant acoustic field 
X / C - 271/LJ 
and, t h e r e f o r e , 
ac o 
In order to conform with the form of b which is normally found in the 
ac ' 
literature, it will be defined as 5 = ̂ 2 v /u . ' ac o 
dp' 
3x . If the time average of the x--momentum equation, is taken, 
then the order of magnitude of the largest term is one. This implies that 
the term 
P U r o o 
_ 2U2l 
2 a x ' 
must a lso be of the order one, or 
•3P'' 
.3x'_ 
^P u ' ro o 
9p 
ay 
If the time average of the y-momentum equation is taken, 
then the order of magnitude of the largest term is 6. This implies the 
term 
X P o §p. 
2 5 ,T 2 5y 
ac p U J ro o 




X P o 
L.2 5 u 2J ac p U ro o 




The order of magnitude of the term 
X 1 9 p l ' 
2 6 M ay 
ac o ' 
must be equal to one since this is the order of the largest time-dependent 













, the periodic component of pressure, 
3y' ^ ' ~ ^ ^ 3x' 
p, , will be assumed to be solely a function of position x and time t. 
Time-Dependent Equations 
The reduced forms of the momentum, equations are obtained by retain-
ing only the terms which are of the order of magnitude 1/6. The following 
dimensional equations are the result of this operation: 
3u _1 + X Hfi 
at p ax 
* 2 a u. 







The full set of governing equations for the time-dependent velocity 
components consists of equations B.23 and B.24 above and the continuity 
equation, equation B.19, which is 
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8p 
at + p o <• ax 




The time-mean momentum equations can be obtained from equations 
B.21 and B.22 by first taking the time average of these equations and then 
retaining only the terms which are of order one. This operation results 
in an equation which involves the partial derivative of the time-mean 
pressure with respect to x'. Since an expression for the time-mean pres-
sure is unknown, it is necessary to eliminate the pressure terms in the 
momentum equation. This can be done by 
1. Noting that _a_p_ &3L 
ax 'ay 1 ay 'ax 1 
2. Performing the following mathematical operations: 
T~— r r (Equation B.21? - ~ : (Equation B.22) 2 5 3y' c M ; 3x' c ^ •> 
ac 
B.25 
Equation B.25 is independent of periodic and time-mean pressure terms. 
The time-mean equation of motion is obtained first by taking the 
time average of equation B.25 and then by retaining oniy the terms which 
are of order l/& . The result of these operations in dimensional form is 
a3u _±_ _a_ 
'o A 3
 po 3y 
ay ; 
3u du du 
Di T 7 ~ + P ( U T IT™ + v i !T~) _H1 a t r 1 9x 1 9y 
(B.26) 
The bar over the right hand side of equation B.26 represents the 
time average of the quantities within the brackets. The full set of 
governing equations for the time-mean velocity components is given by 





1_ c&_ (—-) + -2-
D lax




SECOND APPROXIMATION TO THE TIME-DEPENDENT VELOCITIES 
In Appendix B the governing equations for the time-dependent veloc-
ities were obtained by retaining only the terms in the dimensionless con-
tinuity and momentum equations which were of the highest order of magni-
tude. A method for determining the governing equations for the time-
dependent velocities to a second approximation will now be given. 
Governing Equations 
Continuity Equation 
The continuity equation is obtained by retaining the periodic terms 
in equation B.15 which are of the order of magnitude of 6 or larger. This 
yields the following dimensional equations 
3p 3u 3v a ( p u ) d(pv ) 
— I + p {-r1 + I T 1 + ~~T + • A - = ° ( C - D 
91 ro c 3x 9y ) ax ay 
Momentum Equation 
The momentum equat ions which govern the behavior of the t ime-
dependent v e l o c i t i e s are obtained by r e t a i n i n g only those terms in equat ions 
B.21 and B.22 which are of the order of magnitude of one or l a r g e r . This 
y i e l d s the following dimensional equa t ions : 
2 
3u 3u Qu 3 p 3 u 
—— + (un — + v1 -r—} = — + v ~ (C.2) 
a t c 1 3x 1 3 y J p 3 x o a 2 
1 o 3 y 
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and 9p1 
"a7 = 0 (C3) 
If the equations above are compared with equations B.23 and B.24-, then it 
9u 3u 
is seen that two nonlinear terms, namely u. — — and v. — — , have been 
1 dx 1 9y 
added to the x-momentum equation, 
Method of Solution 
The following is an outline of a method which may be used to solve 
the time-dependent equations. 
Step 1. Express the time-dependent components of density and pres-
sure in Fourier series as follows: 





p1(x,y,t) = REAL £ V pln(x,y) exp(-inut)] . (C5 
n=l 
Step 2. Express the time-dependent components of velocity in 
Fourier series as follows: 




( x , y , t ) = REAL [ £ v l n ( x , y ) e x p ( - i n u t ) ] • (C.7 
n= l 
123 
Step 3. The foregoing expressions for density, pressure and veloc-
ity are now substituted into equations C I , C.2 and C.3 and then the fac-
tors of exp(-inut), for n = 1,2,3,* '', are equated to zero. This results 
in the following set of linear partial differential equations: 
Factors of exp(-iut) 
9u 3v 
11 , 11 _ UJ „ /P Q\ 
~T + >^ - PIT (C,8; 
3x 3y p rll ro 
a2"ii . . _L ̂ U fr „ 




•~^ = 0 (CIO) 
3y 
Factors of exp(-i2cjt) 
12 12 3 /Pll x Q / 11 N i2u ,„ , , N 
^ — + "^— + I - V " ui i J + S~ ( VT n ; = Pin (C 11J 
3x 3y 3x v p lly 3y p 11 p r12 
o o o 
2 
3 u ^ p i 2 ^ U l l ^ u ] 1 
v — = - i2u un n + - — + u. - r — + v, 1 —— (C. 12) o „ 2 12 p 3x 11 ox 11 3y 3y o 
9 p 1 2 
3y 
(C.13) 
E t c . 
In order to solve the foregoing set of equations the time-dependent 
components of density and pressure must be known. It is of interest to 
note in equation C.12 that even if a single frequency pressure disturbance 
(p, = 0, n > l) is used the nonlinearity of the momentum equation pro-
duces higher harmonic components of velocity. 
124. 
Solution for u (x,y,t) 
A solution for u (x,y,t) to a second approximation will now be giver 
for two reasons; first to demonstrate the method of solution and second to 
show that for the periodic component of pressure which was chosen in 
Chapter II, the time-dependent velocity, to a first approximation as given 
in Chapter II, sufficiently represents the time-dependent velocity. 
As in Chapter II, the components of density and pressure will be 
taken as 
p (x,t) = REAL [_- i p c iJ sin (ux/c) exp(-iut)] (C.14) 
p (x,t) = REAL [ - i p M sin (wx/c) exp(-icjt)] (Co 15) 
These equations yield 
p . , - - i n c U s i n ( u x / c ) ( C . l 6 a ) 
r l l p o o ' 
p , = 0 fo r 1 < n ( C . l 6 b ) 
r l n 
and 
p n = - i p0MQ s i n ( u x / c ) (C .17a ) 
P l = 0 fo r 1 < n (C.17b) 
H In 
The t i m e - d e p e n d e n t components of v e l o c i t y to a second a p p r o x i m a t i o n 
a r e assumed t o be 
u n ( x , y , t ) = REAL [u ( x , y ) e x p ( - i c j t ) + u ( x , y ) e x p ( - i 2 u t ) ] ( C . l 8 ) 
v ( x , y , t ) = REAL [v ( x , y ) e x p ( - i w t ) + v ( x , y) e x p ( - i 2 t j t ) ] (C.19) 
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Solution for u (x,y) and v,,(x,y}» The functions u (x,y) and 
v (x,y) are determined by the assumed form of p,(x,t) and p (x,t) and 
equations C.8 and C.9. These equations are the same as the ones which 
were used in Chapter II to determine the functions u (x?y), v ,(x,y) and, 
therefore, the solutions for u,.(x,y) and v, (x,y) are given by 
un(x,y) = - UQ cos (ux/c) [l - exp(- (l-l) y'} ] (C.20) 
and 
v11(x,y) = ^ 6 a c MQ (1+i) sin (ux/c) [l - exp{- l-(l-i) y'}] (C.21) 
In obtaining the foregoing equations the following boundary condi-
tions were applied: 
for y = 0 and all t: u = 0 , v = 0 (C.22) 
9u 
for y = a and all t: ~ = 0 (C.23) 
9y 
An inspection of equations C.lB and Co 19 indicates that the boundary 
conditions can be written as follows: 
for y = 0 and all t: REAL [u exp(-iut)] = 0 (C24) 
REAL [u exp(-i2ut)] = 0 
REAL [v exp(-iut)] = 0 
REAL [v exp(-i2ut)] = 0 
da 
for y = a i id all t: REAL ["~g exp(-iut)] = 0 (C025) 
r9 U 1 2 1 
REAL [-T— exp(-i2ut)J = 0 
• 9 y 
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Therefore, the solution for u (x,y,t) to a second approximation will be the 
solution given in Chapter II plus the additional component REAL [u 9(x,y)' 
exp(-i2tot) ]. 
Solution for u (x,y). The function u „(x,y) can now be determined 
from equation C.12 as follows: 
Equation C.12 will first be rewritten as 
2 
9 u 8u 3u 
v ~T~ + i2u u, 0 = u. . "T""" + vn — (C. 26) 
o „ 2 12 11 3x 11 9y 
3y 
s i n c e p „ = 0 . 
If the expressions for u (x,y) and v (x,y) are substituted into 





^ + U i u = U M s i n ( 2 u x / c o ) [ l - exp{ - ( l - i ) y ' } ] (C .27) 
3y' 
where y' = y/b 
ac 
At this point in the analysis it is necessary to make an additional 
assumption. It is assumed tnat the complex coefficient, u (x,y), is of 
the form 
ul2(x,y') = X2(x) Y2(y') (C.28) 
and, therefore, equation C.27 becomes 
Y2" + 4 i Y2 = U M s i n ( 2 u x / c o ) [ l - e x p f - ( l - i ) y ' } ] / x 2 (C.29) 
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Equation C.29 will be valid only if the function X9(x) is a constant 
multiple of sin(2ux/c ). For simplicity, X«(x) will be taken as 
r O d 
X2(x) U M sin. (2ux/c ) 
0 0 ' O 
(C.30) 
Thus equation C.29 becomes 
Y " + 4 i Y = 1 - exp[ - (1-i) y'} (C.31) 
where the prime no t a t i on r e p r e s e n t s d i f f e r e n t i a t i o n with r e spec t to y ' . 
The general s o l u t i o n of equat ion C 3 1 i s 
Y 2 (y ' ) = (cx + i c2) exp[ /2 ( l - i ) y ' ] (C.32) 
+ (dx + i d2) exp [ - v
72 ( l - i ) y 1 ] 
+ i A ( 1 - 2 e x p [ - ( l - i ) y ' ] } . 
F i n a l l y , the express ion for REAL[u (x,y) e x p ( - i 2 u t ) ] becomes 
REAL[u10(x,y) e x p ( - i 2 u t ) ] = UM sin(2cjx/c ) • (C.33) 
12 ' o o o 
[exp(«/2 y ! )[c cos (2ut + *J2 y ' ) + c„ s i n ( 2 u t + J2 y ' )] 
-F e x p ( V 2 y ! ) [ d cos (2ut V 2 y ') + d s i n ( 2 u t -V2 y ' )] 
+ - [ s i n ( 2 u t ) - 2 e x p ( - y ' ) s i n ( 2 u t - y 1 ) ] } 
If equations C.24 and C.25 are applied to equation C.33 and if the 
terms which are of the order of magnitude of exp(-a/6 ) or less are as-
ac 
sumed to be zero, then the following values for the coefficients c , c , 
d, and dp are obtained: 
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cx = c 2 = d1 = 0 , d . = 1/4 (C034) 
With these s i m p l i f i c a t i o n s , equat ion C 3 3 becomes 
REAL[u10(x,y) e x p ( - i 2 u t ) ] = 7 U M sin(2wx/c ) [ s i n ( 2 u t ) (C»35) 
1 <c Z(, 0 0 0 
+ exp(-v/2y') sin(2ut - J2 y' ) 
- 2 exp(-y') sin(2ut - y')] 
and finally, the x-component of the time-dependent velocity to a second 
approximation in dimensionless form becomes 
u ' (x ' , y ' ,t> ) = - c o s ( i t x ' ) [ c o s d t t ' ) (C.36) 
- exp(--y') cos (jit1 - y ' ) ] 
M 
+ - ^ sin(2icx') [sin(2Tit ' ) 
4 
4- e x p ( - ^ 2 y ! ) s i n ( 2 n t ' - J2 y ' ) 
- 2 exp ( -y ' ) s in (2n t ' - y ' ) ] 
It can be seen from equation C.36 that it is unnecessary to deter-
mine the time-dependent velocities to a second approximation since the 
contribution of the second harmonic term is of the order of magnitude of 
5 in comparison to the first harmonic term. 
The y-component of the time-dependent velocity can be determined 
by subjecting the solution of equation C.ll to the boundary conditions 
given in equations C.24 and C.25-
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